
Open Problems on Polytope ReonstrutionErik D. Demaine� Je� EriksonyAbstrat. We desribe some open algorithmi problems re-lated to onstruting 3-dimensional polytopes from limitedinformation.Introdution. There are several di�erent ways to spe-ify onvex polytopes in three dimensions. One obviousexpliit representation is a list of the vertex oordin-ates and onnetivity information between the verties,edges, and faets. But not all this information is ne-essary. For example, we an reonstrut the expliitrepresentation given only the vertex oordinates; thisis the well-studied onvex-hull problem. By projetiveduality, we an also reonstrut the polytope from a listof halfspaes whose intersetion is the polytope.Although these are the two most well-known waysto speify polytopes, at least in the omputational ge-ometry ommunity, they are not the only ones. Herewe list several di�erent theorems desribing surprisinglysmall sets of information that are suÆient to speify 3-dimensional onvex polytopes. The purpose of this noteis to pose the algorithmi versions of these theorems asintriguing open questions. That is, is there an algo-rithm that, given the information uniquely speifying aonvex polytope, builds the polytope? Numerial ap-proximation algorithms are known in some ases, butwe know of no exat, purely ombinatorial algorithms.Suh algorithms may require a model of omputationthat allows exat omputation (or at least useful repre-sentations) of high-degree algebrai numbers.Nets (\unfoldings"). Our problems were inspired byone in partiular, Aleksandrov's theorem, whih we de-tail now. A polyhedral metri on the sphere assigns toeah point a neighborhood that is isometri to an openplanar disk, exept for a �nite number of points whoseneighborhoods are isometri to the apex of a one. Ifthe omplete angle around every one point is at most2�, the metri is said to be onvex. Equivalently, apolyhedral metri is obtained by gluing together edgesof a simple polygon in equal-length pairs, so that the
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Figure 1. A net for the ube.

resulting 2-omplex ishomeomorphi to a sphere;the metri is onvex if thesum of the angles inidentto eah vertex is at most 2�.This glued simple polygon isalled a net (see Figure 1 foran example).�Dept. of Computer Siene, Univ. of Waterloo, Waterloo, ed-demain�uwaterloo.a; http://daisy.uwaterloo.a/�eddemain/yDept. of Computer Siene, Univ. of Illinois,je�e�s.uiu.edu; http://www.uiu.edu/�je�e/

Any onvex 3-polytope naturally de�nes a polyhedralmetri; the \distane" between two points is just thelength of the shortest path on the polytope's surfae.A beautiful and surprising result of Aleksandrov is thatthe onverse is true as well.Aleksandrov's Theorem. [1℄ Any onvex polyhedralmetri an be realized by a unique onvex polytope (upto ongruene).For any onvex polytope, we an de�ne a net by \un-folding" it into the plane. It is a well-known open prob-lem [3, 7, 8℄ whether every polytope an be unfoldedinto a simple net, that is, one that does not overlap it-self, by utting along edges; however, even non-simplenets an be used to de�ne polyhedral metris. Aleksan-drov's theorem states that any net is an unfolding of aunique onvex polytope (up to ongruene).Problem 1. [5, 7℄ Given a net (a simple polygon withedge-mathing rules), how quikly an we onstrut theorresponding polytope?O'Rourke [7℄ desribes how to split this into two sep-arate subproblems. The �rst is to �nd the reases onthe polygon whih map to polytope edges. A supersetof these reases an be found in polynomial time [7℄,but it remains open to isolate them exatly.One we've found (a superset of) the reases, wehave the shapes of the faes and the omplete ad-jaeny information|whih faes are adjaent alongwhih edges. If two polytopes have the same faes andthe same adjaeny pattern, they are alled stereoiso-mers. A key step in the proof of the uniqueness part ofAleksandrov's theorem is the following beautiful resultof Cauhy:Cauhy's Rigidity Theorem. Convex stereoisomers areongruent.In other words, any set of polygons with adjaeny in-formation an be obtained from at most one polytope,and (by the existene part of Aleksandrov's theorem)this polytope exists as long as the resulting omplex ishomeomorphi to the sphere and the sum of the an-gles around eah vertex is at most 2�. How quikly anwe onstrut this polytope? Cauhy's proof is nonon-strutive. Although a numerial-approximation algo-rithm seems quite likely, and indeed suh experimentshave been arried out [7℄, it would be muh more in-teresting to have a purely ombinatorial algorithm thatruns in polynomial time.Here are two related open questions, whih we on-jeture to be NP-hard.Problem 2. Given a set of onvex polygons without ad-jaeny information, how quikly an we deide whetherthey an be assembled into a onvex polytope? Into aunique onvex polytope?1



Problem 3. How quikly an we atually onstrut apolytope with a given set of faets, if one exists?Area-weighted normal vetors. A fairly simple the-orem of Minkowski states that if you take the normalvetors of the faets of a onvex polytope, where thelength of the vetor is the area of the orrespondingfaet, then the resulting olletion of vetors sum tozero. In fat, this theorem is true in any dimension,where \area" means the natural (d - 1)-dimensionalLebesgue measure. But the more interesting part ofMinkowski's theorem is that this proess is reversible.Minkowski's Theorem. Any set of vetors whose sumis zero is the set of area-weighted normals of a uniqueonvex polytope (up to translation).Problem 4. Given a set of vetors that sum to zero, howquikly an we onstrut the orresponding polytope?Aurenhammer, Ho�mann, and Aronov [2℄ desribean iterative numerial-approximation algorithm for thisproblem, by reasting it as a onvex-optimization prob-lem. However, no purely ombinatorial algorithm isknown.Several \easier" deision problems are also open. Forexample, given a set of vetors whose sum is zero, is theorresponding polytope simple (every vertex has degreethree)? Is it simpliial (every faet is a triangle)? Is itsvolume less than 1?1-skeleta (\Edge Graphs"). The 1-skeleton of a on-vex polytope is the graph naturally indued by the poly-tope's verties and edges. The following well-known re-sult of Steinitz ompletely haraterizes the 1-skeleta ofonvex 3-polytopes:Steinitz's Theorem. [10℄ A graph is the 1-skeleton of a(not neessarily unique) onvex 3-polytope if and onlyif it is planar and 3-onneted.Problem 5. Given a 3-onneted planar graph, howquikly an we onstrut a polytope whose 1-skeletonis that graph?Das and Goodrih [4℄ desribe an algorithm to realizeany 3-onneted planar triangulation as a polytope inO(n) time on a rational RAM, but the problem remainsopen for non-triangulated graphs.One way to onstrut suh a polytope might be to usethe following theorem of Koebe, independently reprovedby Thurston using results of Andreev.Koebe's Theorem. [10℄ Any planar graph is the on-tat graph of a set of irular disks in the plane or ir-ular aps on the sphere. Furthermore, if the graph isa triangulation, the set of disks is unique up to M�obiustransformations.Koebe's theorem an be used to prove the follow-ing muh stronger version of Steinitz's theorem, whihdesribes a \anonial" polytope representation of a

graph. (The history of this theorem is a bit mud-dled [10℄; overlapping portions were independentlyproved|but not neessarily published|by Br�agger,Doyle, Shramm, and Thurston.)Theorem. Any 3-onneted planar graph is the 1-skeleton of a polytope with edges tangent to the unitsphere, suh that the baryenter of the ontat pointsis the origin. This polytope is unique up to reetionsand rotations about the origin, and every ombinato-rial symmetry of the graph is realized by a symmetryof the polytope. Eah edge of the polytope meets theorresponding edge of the polar dual polytope at rightangles at the ontat point on the sphere.Problem 6. Given a 3-onneted planar graph, howquikly an we onstrut its \anonial" polytope?This problem is open even for triangulations; Das andGoodrih's algorithm [4℄ ontruts non-anonial poly-topes. Solving this problem essentially boils down to�nding an algorithmi version of Koebe's theorem.Problem 7. How quikly an we onstrut a set of diskswith a given planar ontat graph?The proofs of Koebe, Andreev, and Thurston arenononstrutive, as are several more reent proofs.Mohar [6℄ and Smith [9℄ independently developedpolynomial-time numerial-approximation algorithms.No purely ombinatorial algorithm is known, whih isperhaps not surprising sine the radii ould be algebrainumbers of unbounded degree.We onlude with another related open question.Problem 8. How hard is it to deide if a olletion of\stiks" (line segments subjet to rigid motions) an bejoined to form the 1-skeleton of a onvex polytope?The orresponding two-dimensional question has aneasy answer: A set of stiks an be assembled into aonvex polygon if and only if the longest stik is shorterthan all the other stiks put together. Like Problem 2,we onjeture that this problem is NP-hard.Referenes[1℄ A. D. Aleksandrov. Convex polyhedra (in Russian). State Press of Tehnialand Theoretial Literature, Mosow, 1950. See also the German translation,Konvexe Polyeder, Akademie Verlag, 1958.[2℄ F. Aurenhammer, F. Hoffman, and B. Aronov. Minkowski-type theoremsand least-squares lustering. Algorithmia 20(1):61{76, 1998.[3℄ H. T. Croft, K. J. Faoner, and R. K. Guy. Problem B21: Nets of polyhedra.Unsolved Problems in Geometry, pp. 73{76. Springer-Verlag, 1991.[4℄ G. Das and M. T. Goodrih. On the omplexity of optimization problemsfor 3-dimensional onvex polyhedra and deision trees. Comput. Geom. TheoryAppl. 8:123{137, 1997.[5℄ A. Lubiw and J. O'Rourke. When an a polygon fold to a polytope?Tehnial Report 048, Dept. Comput. Si., Smith College, 1996. hftp://s.smith.edu/pub/orourke.papers/folding.ps.Zi.[6℄ B. Mohar. A polynomial time irle paking algorithm. Disrete Math. 117:257{263, 1993.[7℄ J. O'Rourke. Folding and unfolding in omputational geometry. Pro.Japan Conf. Disrete Comput. Geom., p. to appear. Leture Notes Comput. Si.,Springer-Verlag, 1998.[8℄ G. C. Shephard. Convex polytopes with onvex nets. Math. Pro. Camb. Phil.So. 78:389{403, 1975.[9℄ W. D. Smith. Aurate irle onfigurations and numerial onformalmapping in polynomial time. Manusript, NEC Researh Institute, 1991.hhttp://www.nei.nj.ne.om/homepages/wds/braegger.psi.[10℄ G. M. Ziegler. Steinitz' thoerem for 3-polytopes. Letures on Polytopes, le-ture 4, pp. 103{126. Springer-Verlag, 1995.
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