
Flipturning Polygons∗
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1 Introduction
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Figure 1.1. A flipturn. The edges of the pocket are bold (red), and its lid is dashed.
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Figure 1.2. A convexifying flipturn sequence.
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Figure 1.3. (a) Different Erdős-Nagy flip sequences can lead to different convex shapes. (b) Different flipturn sequences

always lead to the same convex shape.
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$�/ 1  #K 1 -ÛK b3(n − 4)/4c ≤ ?? ≤ b5(n − 4)/6c b5(n − 4)/6c ≤ ?? ≤ n − 5�PÃ�/&�. \KM��K

b3(n − 4)/4c b3(n − 4)/4c ≤ ?? ≤ n − 5d 6 KJ"+Ð#�|K��+Ä��
(n − 4)/2 (n − 4)/2

Table 1.1. Bounds for shortest and longest flipturn sequences for orthogonal polygons. See Section 3.
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< 6 -&"%�. �/&��K�� 6 Q+^M9 6  #$ 1 - � "+/�- 1 -�^q� 6 Q+^J9 6  #$
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ns − b(n + 5s)/2c − 1 n2 − 4n + 1�PÃ�/&�. \KM��K
ns − b(n + 5s)/2c − 1 n2 − 4n + 1d 6 KM"%Ð!��K��¾Ä��

dn(s − 1)/2e − s n(n − 3)/2

Table 1.2. Upper bounds for longest flipturn sequences of more general polygons. For arbitrary polygons, the lower bound

is ���	��

������� [5]. See Section 4.
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2 The Importance of Being Degenerate
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(a) Standard (b) Extended (c) Modified

Figure 2.1. Three types of degenerate flipturns. Compare with Figure 1.1.
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3 Orthogonal Polygons
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Figure 3.1. An orthogonal � -gon requiring b
� ������� � � � c flipturns to convexify.
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Figure 3.2. Flipturning one diagonal pocket can hide another one.
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Figure 3.3. Any orthogonal extended flipturn creates at least two diagonal pockets.
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Figure 3.4. (a) A forced orthogonal flipturn creates at least two pockets, at least one of which is diagonal. (b) A polygon

with only bad pockets cannot have both dexter and sinister pockets on the same edge. (c) A forced bad orthogonal flipturn

(flipturn 1
�

) creates a good orthogonal pocket (flipturn 3
�

).

� 346
P

>�3�8^;�=F:AG.RF=F5 |aC�6�J 5<=wN�CW8�RF=?5�8�:�;�=�1�} 3)69K�=?7XR?=.=.N+=?7'6�J<=?RF=F5p8�:�;�=.19}F346�K f q,=?5pK'C�N<347$8�>p8[N
=F7�6�J<=FR?=F5p8�:�¹@CA;<6�P<7�5$|aJ<= K'3`:�C�N

bc
C�K�8OK'P@>@K'346,=FV�6�J<3�6�=F;�3�N�RF3

ad
=?V �

(P) { 8�5@N�:�3)6
P �

>�3�6�J@3`7'3�K'P<:A6�CA5<R
;�=F:AG�R?=F5 f�� ¿@8M1)6�:�G�=?5@3O=FV�6�J<3O6�=F;�14=?7�5<3	7�K�=FV��

(P � )
C�K�8tlF3	7'6�34¿"=?V

P �
f�· V�6�J<CQK�C�K�6�J@3�6�=?;�7'C�RFJo6�1)=F7�5<347 {1�8�:�:Ã;�=�1�}F346

bc  <��� ³��4¶ ��=?6�J<3	7�|aC�K�3 { 1�8�:�:�CA6�� ��¡�� � ³��4¶ f�½ CA6�J<=?P<6�:�=FK�K�=FV¬RF3	5<34798�:�CA6§G { K'P<;<;�= K'3t6�J<3�;�=.19}F346
bc

C�K�N�3)¿�6�3	7 f`� 346
P y

>�3E6�J<3E;�=F:AG.RF=F5�7'3�K'P<:A6�CA5<R�Vv7'=FB 6�J<3�=?5@:AGk8	l?8�C�:W8�><:�3�N<CQ8MR?=F5p8�:L¹@C�;�6�P<7'5 { |aJ<= K'3E:�C�N
CQK�6�J<3XP<;<;�3	7E:�34VW6E3	N�RF3H=FV�14=F5.l

(P � )
f À.CA5p1)3

P y
BtPpK�6OJp8	lF3H5<=�N�CW8�RF=?5p8M:¬;�=�1�}F3469K { 6�J<CQK�¹@C�;�6�P@7'5wBX=�lF3�K

lF3	7�6�34¿
b
6�=ª6�J@3SP<;@;�347�:A3	VQ6�14=?7�5<3	7a=?V��

(P y )
f Ào3	3E��C�RFP<7'3�� f�d Y 1�\ f

· V�K�=?BX3�;�=�19}F3)6XJp8MN 8�:�C�N+C�5
ab { 6�Jp8�6H;�=�1�}F346H|,=FP<:QN+>�3xCA5�lF347'6�3	N+>.G26�J<3kN�CW8�RF=?5p8M:a¹@C�;�6�P<7�5+=F5

P �
8M5@N

P y
|,=FP<:QN+Jp84lF3�8sN<CQ8MR?=F5p8�:�;�=�1�}F346 { 14=F5o6�798MN<C�1)6�C�5<R~=FP<7�8[K�K'P<BX;�6�C�=F5�6�J�8�6X;�=�1�}F346

bc
CQKH>p8[N f

À.CABXCA:W8�7�:AG { C�V�6�J<3	7'3tC�K�8�>p8MN^;�=.19}F346�|aCA6�Js:ACQN^C�5
cd { CA6�1	8M5<5<=?6�>�3tN�34¿.6�347 f À.P<;<;�=FK'3�6�J<3	7�3�C�K�8HK�CA5<CQK�6�347

;�=�1�} 3)6O|�C�6�J~:�C�N
st ⊂ cd

f�� 346
l
>�3X8$:�34VW6�BX=FK'6�;�=?C�5o6OC�5~;�=.19}F346

bc { 8�5@N~:A346
r
>�3�8�7�CARFJo6�BH= K�6�;�=?C�5o6

C�5~;�=�1�} 3)6
st
f À.343X�LC�R?P@7'3X� f�d Y >�\ fHu J@3�J<=F7'C��4=F5o6±8�:¬N�CQK�6±8�5@143�Vv7'=FB

l
6�=

b
BtP@K'6�>�3H3	®oP�8�:�6�=

|cd| { 8�5pN6�J<3$J<=F7�C��	=?5.698M:�N�CQK�6±8�5@143$Vv7'=FB
t
6�=

r
BtPpK�6ª3	®oP�8�:,6�=

|as| { K'CA5p1)3�>�=[6�J�;�=.19}F346�K�8�7�3$>p8[N f 	 P�6ª6�J<CQKtCQK
C�BH;�= K�K'C�><:�3 { K'C�5@1)3 |cd| + |as| > |ad|

f�½ 3�14=?5@14:�P@N�3E6�Jp8�6
bc

BªP@K�6�>�3O6�J<3 �?¡L� � :ACQN�=?5k6�J<3E6�=F;�3	N�RF3�=?V
�
(P)

f
_�=�| 14=?5pK'C�N<347�6�J<3O=F7�6�J<=FR?=F5p8M:I;�=.19}F346�=FV

P y
147'3�8�6�3	N"|aJ@345k;�=�19}F3)6

bc
CQKa¹@C�;�6�P@7'5<3�N f�· 69Ka:�C�N

de
:�CA3�K

=F5�6�J<3$7�C�R?Jo6H3�N�R?3�=?V �
(P y )

fw½ 3"1):W8�C�B 6�Jp8�6ª6�J<CQKt;�=�19}F3)6�BtP@K'6t>�3$RF=o=�N f�� 346
P z

>�3$6�J<3�7'3�K'P<:A6�CA5<R
;�=F:AG�R?=F5w|aJ<3	5j6�J<CQKO;�=.19}F346OCQK�¹@CA;<6�P<7�5<3�N f ÀoC�5@143

cd
CQK�6�J<3H>�=?6�6�=FBHBX=FK�6�3	N<R?3H=FV,;�=.19}F346

de { 5<=?6�J<C�5<RC�5
P z

:AC�3	K�8�>�=�lF3t8M5@Nx6�=H6�J<3E7�C�R?Jo6`=FV�l 347'6�34¿
e { K'=H6�J@3OP<;<;�347�7�CARFJo6`lF3	7'6�34¿"=FV��

(P z )
CQK�5<=?6�8ªlF3	7'6�34¿"=FV

P z
f ÀoC�5@143a6�J<3�J<3	C�R?Jo6¬=FV�;�=.19}F346

de
C�KT:A3�K�KÃ6�Jp8M5�6�J<3aJ<3	C�R?Jo6¬=FV�6�J<3�=?7�CARFC�5p8�:p;�=F:�G.R?=F5

P { 6�J<3�>�=?6�6�=FB 7�CARFJo6
lF3	7�6�34¿"=FV �

(P z )
CQK�8M:�K�=X5<=[6�8ªl 347'6�34¿x=?V

P z
f`u J<3	7�34Vv=?7�3 { >.G � 3	BHB$8ª� f¥Ê { P z

1�8�5�P<5@N�3	7�R?=�8�6�:A3�8MK'6�6§|,=
14=?5@K�3	14P�6�CAlF3S¹@C�;�6�P<7'5pK f

½ 3aJ�84lF3T°§P@K'6TK'J@=�|a5H6�J�8�6,8M5.GtVW=F7�143�Nª>�8MNª¹@C�;�6�P@7'5XC�KTCABXBH3�N�CQ8�6�3	:�GEVv=?:�:�=�|,3�N�>�G�8�N�CW8�RF=?5�8�:<¹@C�;�6�P@7'5 {8HR?=.=.N^=F7'6�J<=FRF=?5p8M:�¹@CA;<6�P<7�5 { 8M5@N�6�J@345^6§|,=�N�CW8�RF=F5p8�:�¹@C�;�6�P<7�5@K fOu J.P@K { 8�5.GxUplF3ª1)=F5@K'3�1)P<6�C�lF3E¹@C�;�6�P<7�5@K
C�5@1):�P@N�3�8�6�:�3�8[K�6a6�J<7�3	3�N�CW8�RF=F5p8�:�¹pCA;�6�P<7�5@K { |aJ<CQ1�Jx7�34BX=�l 3O8�6�:A3�8MK�6�K'CA¿�lF347'6�C�143	KaVW7�=?B«6�J<3�;�=?:�G.RF=?5 f

�

3.2 Longest Flipturn Sequences

½ 3t5<=M| ;<7'=MlF3tP<;<;�347O8�5@N^:A=M|,3	7�>�=FP<5@N<K�=F5�6�J<3tB�8�¿�C�BtP<B 5�P<Bt>�3	7�=?VÃ¹@C�;�6�P<7�5@K�6�Jp8�6O8M5^=F7�6�J<=FR?=F5p8�:
;�=F:AG�R?=F5k1	8M5"P<5@N�3	7�R?=�>�34Vv=?7�3�>�3	14=FBHC�5<R�1)=F5.lF34¿ f

½ 3jN�3	7�CAlF3s=FP<7�P<;@;�347�>�=?P<5pN<K$>.G­1)=FP<5o6�CA5@R�1)3	7�6±8�C�5ZK';�3�14CQ8M:S3	N�RF3�K$=?VO6�J<3^;�=?:�G.RF=?5 f ½ 3j1�8�:�:O8
;�=F:AG�R?=F5x3	N�RF3E8 � ¶4�<Ì	¤���³ C�VL3	C�6�J<3	7a>�=?6�JxC�69K�lF3	7�6�CQ1)3�K�8�7�3O14=?5�lF3)¿$=F7a>�=?6�J"CA69K�lF3	7�6�C�143�K�8�7�3�14=F5@1	8	lF3 f 0�5.G
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=F7�6�J<=FR?=F5p8�:
n
mgR?=F5XJp8MK,8�6,:A3�8MK'6¬Vv=?P<7¬>@7�8[1�}F3469K Y CA6�KTJ@CARFJ<3�K�6 { :�34VW6�BX=FK'6 { :�=�|,3�K�6 { 8�5@NX7�CARFJo6�BH= K�6¬3	N�RF3�K9\Ã8M5@N

P<5<:�3�K�K
n = 4 { 8�6�BH= K�6

n − 2
><798M19}F346�K f

Theorem 3.8.
� ��
,���A�

n > 4
$p�n&��T�����<���±�4�I�4���	��
<�	
 
t��
,����������
���
 �@�Ç(��9-[
'�X�±���@-o�����)� �n��
,��� ����
	��&��	�������	�

n � �����x&��������9���<�n&s�F�Ã!��M�4�
n − 5

�

Proof:
½ 3ª14:Q8MCAB¸6�Jp8�6�¹@C�;�6�P<7�5@KSN�=$5@=[6�CA5@147�3�8[K'3�6�J<3t5�P<Bt>�3	7�=?V¬><798M19}F3)69K { 8M5@N�6�J�8�6O8M5.Gk=F7�6�J<=FR?=F5p8�:

¹@C�;�6�P<7'5~N�3�1)7�3�8MK'3�K`6�J@3ª5.P<Bt>�347S=?V¬><798M19}F346�K�>�Gk6§|r= fª� 346
P
>�3H8�5j=F7'6�J<=FRF=?5p8M:�;�=F:AG.RF=F5w8�5@Ns:�3)6

Q
>�3

6�J<3ª7�3�K'P<:A6�=FV¬=?5@3t¹@C�;�6�P<7�5 f 0a5.G^><798M19}F346�=?V
P
6�Jp8�6�:�CA3�KO1)=FBH;@:A346�3	:�Gk=FP�69K'C�N<3t6�J<3t¹@C�;�6�P<7'5@3	Ns;�=.19}F346�CQK

K�6�CA:�:T8H><798M19}F346SCA5
Q
�L8�5�Gx><798M19}F346�14=?BX;<:A346�34:�GxCA5@K�C�N�3t6�J@3�¹@C�;�6�P<7'5@3	N^;�=.19}F346SCQK�CA5�lF347'6�3	N { >@P�6S7'3	B�8MCA5@K

8ª><798M19}F3)6 f�u J�P@K { 6�=X;<7�=MlF3E=FP<7�1):W8�C�B { CA6SK'P�©X143	Ka6�=$1)=F5@K'CQN�3	7¬°§P@K�6`Vv=?P@7�3	N�RF3�K { 5p8�BX34:�G { 6�J<3O6�|,=X3�N�RF3	K
8MNF°'8M14345.6T6�=E3�8[1�J�345pN�;�=FCA5o6,=FV�6�J<3�:ACQN fT· VI8�5�G�=?V�6�J@3	K'3�Vv=FP<7¬3	N<R?3�KTC�K�8�>@7�8[1�}F346 { |,3`1�8�:�:�C�6�8 �Ç��  � ¶4�<Ì	¤���³ f½ 3�N<C�K�6�C�5<R?P@C�K'J�>�346§|r343	5 ��¡�¡��4¶ 8�5pN �?µ�³��4¶ :ACQN�><7�8[1�} 3)69K { |aJ<CQ1�J�:�CA3�C�5@K'CQN�3x8�5pN�=FP�69K'C�N<3�6�J<3$;�=�19}F3)6 {7�3	K';�3	1)6�C�lF3	:AG f

0�VQ6�347�K'G.BHBX3)6�7�G�1)=F5@K'CQN�3	7�8�6�C�=?5pK { 6�J<347�3E8M7'3O=F5<:AG$6�J@7'3	3O1�8MK'3�Kr6�=H1�J@3	19}$VW=F7a=F7�6�J<=FR?=F5p8�:�;�=�19}F3)69K�8M5@N
6�345$1	8[K'3�KTVW=F7,N<CQ8MR?=F5p8�:�;�=�1�} 3)69K fTh =FK'6,=?V�6�J<3�K'3�1�8MK'3�Kr8�7�3`1)=FBH;<:�346�3	:AG�K�;�3	14CAU@3	NX>.Gª6�J@3�5.P<Bt>�347¬=?V�C�5<5<3	7
8�5pNH=?P�6�3	7¬:ACQNH>@7�8[1�}F3469K f�u J<3�=F5<:�Gª34¿�1434;<6�C�=?5XCQK,8S;�=�1�}F346¬|�C�6�JX=F5<3�:ACQNH>@7�8[1�}F346¬=FV�3�8M19JH6�G.;�3 { |aJ<CQ1�J$1	8M5
3	C�6�J<3	7`K'Jp8�7�3�8ª:ACQNk3	5@N�;�=FCA5.6�=F7�5<=[6 f�u J<3�1�8MK'3�K�8M7'3E3	5.P<BX34798�6�3�N�Vv=F7�K�6±8�5@Np8�7�N"¹@CA;<6�P<7�5@K�CA5s�LCARFP<7�3�� fÇÊ �
6�J<3�1�8MK�3	K�Vv=F7�34¿.6�345@N<3	N$¹pCA;�6�P<7�5@K�8M7'3E8M:ABX=FK'6�CQN�345.6�CQ1	8M: f
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0

0

0

−2 −2 −2

−2−4

−2 −2

Figure 3.5. Thirteen classes of standard flipturns and the number of brackets they remove. Only the bold (red) edges are

important. The top row shows orthogonal flipturns; the other rows show diagonal flipturns with two, one, and no outer lid

brackets. The columns show flipturns with two, one, and no inner lid brackets. Compare with Figure 4.1.

À.CA5p1)3�3�8M19J�=?7'6�J<=?RF=F5p8�:¬¹@C�;�6�P@7'5�7�34BX=�lF3�KO6§|,=�><798M19}F346�Kt8M5@N25<=^N�CW8�RF=F5p8�:¬¹pCA;�6�P<7�5�8MN<N<K�><7�8[1�} 3)69K {6�J<347�3"1�8�5�>�3x8�6�BX=FK�6
(n − 6)/2

=F7�6�J<=FR?=F5p8�:�¹@C�;�6�P<7'5pK f À.CA5@143�3�8M19J�N�CW8�RF=F5p8�:�¹@C�;�6�P@7'5�7'3	BH=MlF3�KE6�|,=
lF3	7�6�CQ1)3�K�8M5@N­3�8[1�J =?7'6�J<=?RF=F5p8�:�¹@CA;<6�P<7�5 :�3�8	lF3	K�6�J@3^5.P<Bª>�3	7�=?VOlF3	7'6�CQ1)3�K$P<5@19Jp8M5<R?3�N { 8�5.G 14=?5�lF3)¿�CAVvGom
C�5<Rx¹pCA;�6�P<7�52K�3	®oP@345@143X14=F5o698MCA5pKO3)¿<8[1±6�:�G

(n − 4)/2
N<CQ8MR?=F5p8�:T¹pCA;�6�P<7�5@K fxu J.P@K { 6�J<3	7'3�1�8�5w>�3$8�6�BH= K�6

(n − 6)/2 + (n − 4)/2 = n − 5
¹pCA;�6�P<7�5@K�8M:�6�=?RF346�J<3	7 f

�
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� =�| 6�C�R?J.6�C�K�6�J<CQK�P@;<;�3	7`>�=FP<5@N���0�K`Vv=?7`6�J<3tK'J<=F7'6�3�K�6`¹@CA;<6�P<7�5sK'3�®oP<3	5@1)3 { 6�J<3ª8M5@K'|,3	7�N�3	;�3	5@N<K�=F5
|aJ<346�J<347ª|,3�1)=F5@K'CQN�3	7ªK�6±8�5pN@8�7�N2=F7t34¿.6�345@N<3	N2¹@CA;<6�P<7�5@K f2´ 5<VW=F7'6�P<5�8�6�34:�G { |,3�N�=s5<=?6t=F>�6±8�C�5+8�5�34¿<8M1)6
8�5pK'|,3	7aCA5x3	C�6�J<3	7a1�8MK�3 f

Theorem 3.9.
� ��
X�	���

n
$���&���
)���Q�X�	� ��
4�n&������������

n � ����� ��&��F� �)���Z-[��
���
'���
b3(n − 4)/4c

�������9��
���

�@�Ç(��9-[
'�p���

Proof:
u J<CQKaVW=F:A:�=M|�K�N�CA7�3�1±6�:AG$Vv7'=FB u J@34=F7'3	B � f�d<f

�

Theorem 3.10.
� ��
t���A�

n
$r�n&��9
±�����ª�	����
	��&������������

n � �����+��&��F� �4�	�­-[��
��9
����
b5(n − 4)/6c

�4���	��
<�	
 

�@�Ç(��9-[
'�p���

Proof:
½ 3`1)=F5@K�6�7�P@1±6r8M5X=?7'6�J@=?RF=?5�8�:

n
mgRF=?5

P �
3�K�K'3	5o6�CW8�:�:�Gª>.GªVv=F:A:�=�|�CA5<RE6�J<3�;<7�=.=?V�=?V u J<3	=F7'3	B � f È f

P 
CQKS8H7'3�1±6±8�5@R?:�3 f
P �

CQK�8�5
L
mÄK'Jp8M;�3�NkJ@3)¿<8MR?=F5 { |aJ<CQ19JsC�KS1)=F5.lF34¿�CAU@3	N�>.Gk=?5@3E¹pCA;�6�P<7�5 f

P �
C�K�8�7�3	1)6±8�5<RF:A3

|aCA6�Jj8t7�3�1±6±8�5<RFP<:W8�7�=F7�6�J<=FR?=F5p8M:L;�=.19}F346`CA5�=F5<3�K'CQN�3 { |aJ<CQ19J�7'3�®oP<C�7�3	K�6�J@7'3	3O¹@C�;�6�P@7'5@K�6�=�1)=F5.lF34¿�C�VWG f ��=?7
8�:�:

n ≥ 10 { P �
1)=F5@K'CQK�69K�=?VT8�7'3�1)698M5<R?:�3�|aC�6�Js8HK'CA5@R?:�3

L
mgK'J�8�;�3�Nx;�=�1�}F346 { |aJ@347�3O6�J<3E698MCA:�=FV�6�J<3

L
C�K�8M5

C�5.lF3	7�6�3	N�8M5@N"7�34¹@3	1)6�3	Nk1)=F;.G$=FV
P��� �

f Ào3	3���C�RFP<7'3t� f ��f�· 5x6�J<3O:Q8M5<RFPp8�RF3O=FV�6�J<3O;<7�=.=?V�=?V u J<34=F7�34B¯� f È {
P �

¼�K�=F5<:�G";�=�1�} 3)6`C�K � ��  � ¹@C�;�6�P<7�5<CA5@RXC�6�147'3�8�6�3�K�=?5<3�N�CW8�RF=?5p8M:L;�=.19}F346�8�5pNx=?5<3E=F7'6�J<=FRF=?5p8M:L;�=�1�}F346 f�· V
|,3H¹@CA;<6�P<7�52N�CW8�RF=?5�8�:¬;�=�1�} 3)69K�|aJ@345<3	lF3	7O;�= K�K'C�><:�3 { 6�J<3�U@7�K�6OU@lF3�¹@C�;�6�P<7�5@KO34:�C�BHC�5p8�6�3XK'C�¿~lF3	7�6�CQ1)3�KE8M5@N
:�3�8	lF3O8tN<C�K�6�=F7�6�3	N

P ��� �
fÃu J<3S6�J<3	=?7�34B VW=F:A:�=M|�Ka>.G$CA5@N<P@1±6�C�=?5 f

�

1

2
3

4

5

Figure 3.6. An orthogonal � -gon that can undergo d � � � � � ���	� e standard flipturns. Two levels of recursion are shown.

The small squares contain a recursive copy of the polygon.

3.3 Order Matters
½ 3H14:A= K'3�6�J<C�KOK'3�1)6�C�=?5w>.G^=?>pK'347�l.C�5<R"6�J�8�6�6�J<3XK'J<=F7�6�3�K�6E8M5@Nj:�=F5<R?3�K�6�¹pCA;�6�P<7�5wK'3�®oP<3	5@143	K�VW=F7�6�J<3XK�8�BX3
=F7�6�J<=FR?=F5p8�:�;�=?:�G.RF=?5k1�8�5xN<C���347�K'CARF5<CAUp1�8�5o6�:AG$C�5x:A3	5<R?6�J f

Theorem 3.11.
� ��
��A� �@�<�n�§�9�¥��!���� �

n
$���&��9
)�t�Q�H�	� ��
	�n&��	�������	�

n � ����� �Ã&��M�±���'&���
	�§�±�4���	��
^���������±�4�
�4���	��
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 �@�Ç(���-?
'�x�)���<-.�����4�±� 
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����"���9���<�n& �)�^� �����4���4�

(n − 4)/4
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Proof:
�LC�R?P@7'3�� f È"CA:�:�P@K�6�7�8�6�3�KE6�J<3�7�3	14P<7�K'C�lF3�1)=F5@K�6�7'Pp1±6�CA=F5�=?V�K'P@19J�8x;�=F:AG�R?=F5 { VW=F7�8�:�:

n
=FV�6�J@3�VW=F7�B

16k + 4
f«u J<3~K'J<=F7�6�3�K�6�¹@C�;�6�P@7'5 K�3	®oP@345@143sVv=?7�6�J@3s;�=?:�G.RF=?5 C�5@14:AP@N<3	K�=F5<:�G N�CQ8MR?=F5p8M:�¹@C�;�6�P<7�5@Kx8�5pN

6�J<347�3	VW=F7'3$Jp8MK�:�345<R?6�J
(n − 4)/2

f 0a5@=[6�J<3	7tK�3	®oP@345@143 { |aJ<CQ1�J�|,3$>�34:�C�34lF3�6�=�>�3�6�J<3�:�=?5<RF3�K�6 { 7�3	®oP@CA7�3	K6�|,34:�lF3E¹pCA;�6�P<7�5@K�6�=�7�34BX=�lF3E34l 347�G
16

lF347'6�C�143	K f �LCARFP<7�3ª� f È�CA:�:APpK�6�798�6�3�K�6�J<CQK�:�=?5<R�K'3�®oP<3	5@143E=?V¬K�698M5@N@8M7�N
¹@C�;�6�P<7'5pK fÃu J<3O14=F7'7�3	K�;�=?5pN�CA5@R�3)¿�6�3	5@N�3�N�¹pCA;�6�P<7�5kK'3	®.P<345p1)3SCQKa3	K�K�345o6�CW8�:�:AG$3�®oP<C�l?8�:�345.6 f
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Figure 3.7. An orthogonal polygon that can be convexified with either ����� � � ��
 or
� ��� � � � � � flipturns. The small

squares contain a recursive copy of the polygon.

4 More General Polygons

· 5j6�J<CQKOK'3�1±6�C�=?5 { |,3XN�3	7'C�lF3�P<;@;�347O>�=FP<5@N@KSVv=F7S6�J@3�:A=F5<RF3	K'6�¹pCA;�6�P<7�5wK'3	®.P<345p1)3�KS=FV�8�7�><CA6�798�7�G^;�=F:�G.R?=F5@K {RF345<3	798�:�C��	CA5@Rx>�=?6�Jw=?P@7�3�8�7�:�CA3	7O7�3	K�P<:�69K�Vv=F7�=F7'6�J<=FRF=?5p8M:T;�=?:�G.RF=?5pKE8�5pNs6�J<3�BH=�N�CAU@3�N^¹pCA;�6�P<7�5~7�3	K�P<:�69K�=FV
0aJ@5 ��³S�.�W� b /9egfq,=?5pK'C�N<347�8�5�8�7�><CA6�798�7�G^;�=F:�G.R?=F5

P
|aJ<= K'3�>�=FP<5@N@8M7'GsC�KO=?7�C�345o6�3�Nj14=FP<5o6�347�1):�=�1�}.|�C�K'3 f�� 346

~e
N�3	5<=[6�3

6�J<3�N<CA7�3	1)6�CA=F5~=?V�8�5.G Y =?7�C�345o6�3�Np\�3�N�RF3
e
C�5

P { :A346 S
>�3ª6�J<3�K�3)6O=?V�8�:�:TK'Pp1�Jj3�N�RF3�N<CA7�3	1)6�CA=F5@KE8�5@Ns6�J<3	CA7

7�34lF3	7�K�8�:QK fa½ 3E14:A3�8�7�:AGxJp84lF3
s ≤ |S| ≤ 2s { |aJ@347�3 s

CQKa6�J<3O5�P<Bt>�3	7�=FV�N<C�K�6�C�5@1±6`3�N�RF3EK':�=?;�3	K f 0aJ@5 ��³O�.�W�N�34U@5<3�6�J<3  F� � Ì4¶	��³��$�F¡�¢.�W� 8�6�8�l 347'6�34¿
v = e ∩ e ′ 6�=H>�3O=F5<3OBH=F7�3S6�J�8�5"6�J<3O5.P<Bª>�3	7a=?V�3	:A3	BH3	5o69K�=FV

SK�6�7'CQ1)6�:�GtCA5@K�C�N�3a6�J<3�8M5<R?:�3a>�346�|,343	5
~e
8�5pN

~e ′ fÃu J<3 ³�� ³'�.�I F� � Ì4¶	��³��t�F¡�¢.�W� D(P)
CQK�6�J<3�K'P<B =?Vp6�J<3�N�CQK�1)7�346�3

8�5@R?:�3	K�8�6a6�J<3�lF347'6�C�143	Ka=?V
P
f ��=F7�34¿<8MBH;<:�3 { 8M5.G�=F7�6�J<=FR?=F5p8M:

n
mgR?=F5"Jp8[Kr6�=[6±8�:�N�CQK�1)7�346�3E8M5<RF:A3

n
f

0�J<5 ��³��.�W� ;@7'=MlF3�6�J<3`VW=F:A:�=M|aCA5@R�:A3	BHB$8Hb /9enf Y Å`5@:AGª6�J<3�U@7�K�6,Jp8�:�VI=FV�6�J<CQK¬:�34BXB�8�CQK,K�6±8�6�3	NX34¿�;<:�C�14C�6�:�G {><P�6a6�J<34C�7a;<7�=.=?V�CABX;<:�CA3�K�6�J<3OK'3�1)=F5@N�J�8�:�V�8[K�|r34:�: f \

Lemma 4.1 (Ahn et al. [1]).
�%�M�9
§�s����� � 
������9����
)�F��� �@�Ç(��9-[
'� 
�����
)�	���±�±�

D(P)
�)�2� ���v�	���4�����T��$T�	��
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����������9
)�F���%�@�Ç(��9-[
��"���	� �M�±�
D(P)

-[����&���������
 �
0�J<5 ��³��.�W� 8M:�K'=k;<7�=�lF3�6�Jp8�6

D(P) ≤ n(s − 1)
C�5wRF345<3	798�:,8M5@N

D(P) = 2s
CAV

P
CQKE1)=F5.lF34¿ f$u J.P@K {� 34BXB�8 d�fW/ C�BHBX3	N�CW8�6�3	:AG�C�BH;<:�CA3�K�6�Jp8�6

d(ns − n − 2s)/2e ≤ n(n − 3)/2
5<=F5@N�3	R?3	5<3	7�8�6�3"¹@C�;�6�P<7'5pK

K'P�©�1)3�6�=E1)=F5.lF34¿�C�VWGª8M5.Gt;�=F:AG.RF=F5 f � =M|,34l 347 { K'C�5@143a5<=�>�=?P<5pNª|a8MK�;<7�3	l.CA=FP@K':�Gt}�5<=�|�5�Vv=F7�6�J@3�5.P@Bt>�3	7�=FV
N�3	R?3	5<3	7�8�6�3Ã¹@C�;�6�P<7�5@K { 6�J<CQK�>�=FP<5@NEN<=o3�K�5<=?6�8�;@;<:AGS6�=�N�3	R?3	5<3	7�8�6�3T;�=F:�G.R?=F5@K f�u =`84l =?CQN�6�J<CQK�;<7�=?><:�3	B { 0�J<5
��³`�.�W� C�5o6�7'=�N�P@143SBH=�N�CAU@3�NH¹pCA;�6�P<7�5@K { VW=F7r|aJ@C�19J"N<34RF345@34798M14CA3�K�N�=ª5<=[6a3)¿�C�K�6 fÃu =H8M1	1)=FP<5o6�Vv=?7aN�34RF3	5<34798�6�3
¹@C�;�6�P<7'5pK�P<5@N�3	7�6�J<3OK�6±8�5pN@8�7�N"N�34U@5<CA6�C�=F5 { |r3OK�6�P@N�GX6�J<3O19Jp8�5@R?3�CA5"6�J<3�5.P<Bt>�347a=?V � ¶4�<Ì	¤���³ � { |aJ<CQ1�Jx|,3
N�3	5<=?6�3�>�G

B(P)
f Ær3�1	8M:A:�Vv7'=FBÍÀ.3�1±6�CA=F5j� f �ª6�J�8�6O8�><798M19}F3)6SCQKS8M5^3�N�R?3t|aC�6�Js3	C�6�J<3	7�6�|,=�14=?5.l 3)¿k=F7�6�|,=

14=?5@1�84l 3SlF3	7'6�CQ1)3�K f

Lemma 4.2.
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Proof:
� 346
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>�3�8`K'CABX;<:�3r;�=F:AG�R?=F5H8M5@Nt:�3)6

P ′ >�3r6�J<3�7'3�K'P<:A6�=FV@=F5<3r¹@CA;<6�P<7�5 f 0�K�|r3�8�7�R?P<3�NtC�5t6�J<3r;@7'=.=?V
=FV u J<3	=F7'3	B¨� f»¾ { CA6OK'P�©X143	K�6�=�VW=�1)PpK�=?5s6�J<3ª:�C�Nj><7�8[1�} 3)69K {��'���?��{ 6�J<3ª><798M19}F346�K�6�=FP@19J<C�5<R$6�J@3ª345@N<;�=?C�5o69K
=FV�6�J<3k:ACQN f � 3)6

b
8M5@N

b ′
N<345<=?6�3x6�J<3k5.P<Bª>�347X=?VS:ACQN ><798M19}F346�KHC�5

P
8�5@N

P ′ { 7�3	K';�3	1)6�C�lF3	:AG { K'=~6�J�8�6
B(P ′) = B(P) − b + b ′ f
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��=F7a5<=F5@N�3	R?3	5<3	7�8�6�3S¹@C�;�6�P@7'5@K { |,3O5<343�N$6�=HK'J<=M|Z6�J�8�6
b ′ − b ≤ 2

fTu J<C�K�C�K�6�7'C�l.CW8�:�C�V
b ≥ 2 { >�3	1�8�P@K�3|,3�BªP@K�6tJp8	lF3

b ′ ≤ 4
f2u J<347�3"8M7'3$6�J<7�343�7'3	B�8MCA5@CA5<Rj1	8[K'3�KE6�=s14=?5@K�C�N�3	7 � 5<=s:�C�N�>@7�8[1�}F3469K { =F5<3$=FP�6�347

:�C�Nw><798M19}F3)6 { 8�5pN~=?5<3HC�5<5<3	7E:ACQN~><798M19}F346 f ��=F7O3�8M19J~=FV,6�J<3�K'3 { 6�J@347�3�8M7'3H5<C�5<3XK�P<>�1�8MK'3�K { N�3	;�3	5@N�C�5<Rx=F5
|aJ<346�J<347r3�8M19J$:ACQN$345pN�;�=FCA5o6�>�3�14=?BX3	Kr8O14=F5.lF34¿XlF3	7�6�34¿ { >�3�1)=FBH3�Kr8O14=?5p1	8	lF3`lF3	7�6�34¿ { =?7�N�CQK�8�;@;�3�8M7�Ka8�VW6�3	76�J<3�¹pCA;�6�P<7�5 fTu J<3�K'3O1�8MK�3	K�8�7�3�3	5.P<BH3	798�6�3	N$C�5���C�RFP<7'3 d�fW/Mf
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(a) no lid brackets
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(b) one outer lid bracket
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(c) one inner lid bracket

Figure 4.1. Twenty-seven classes of nondegenerate flipturns and the number of brackets they add or remove. Only the

bold (red) edges are important. Symmetric cases are omitted. Compare with Figure 3.5.

��=F7ÃN�34RF3	5<34798�6�3,¹@C�;�6�P@7'5@K { |,3r5@343�N�6�=SK�J<=�|�6�Jp8�6
b−b ′ ≥ 2

f ]�3	R?3	5<3	7�8�6�3�K�6±8�5@Np8�7�N�¹@CA;<6�P<7�5@KT8�:�|�84G�K
Jp8	lF3E6�|,=�=FP�6�3	7`:ACQN�><798M19}F346�K { 8�5@N�>�=?6�J�:�CQN�3	5@N�;�=FCA5.6�KS8�:�|�8	G�K`>�3	14=FBH3�14=?5@1�84l 3ElF3	7'6�CQ1)3�K fSu J.P@K { 6�J<3	7'38�7�3�=F5<:�Gs6�J<7�343$1�8MK'3�KO6�=�14=?5pK'C�N<347 { N�3	;�345pN�CA5@R�=?526�J<3�5.P<Bt>�347�=?VaC�5<5<3	7�:ACQN2>@7�8[1�}F3469K { ;<7�3�1)CQK'3	:AG28MK�CA5
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Proof:
½ 3EN�3)Up5<3�6�J<3�² � ³��4¡�³n���.� Φ(P)

=?VÃ8�;�=F:�G.R?=F5
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=FV�><7�8[1�} 3)69K �
Φ(P) = D(P) + B(P)/2

f ��=F7t6�J@3�CA5<CA6�CQ8M:a;�=?:�G.RF=?5
P { |,3�Jp84l 3

D(P) ≤ n(s − 1)
8�5@N

B(P) ≤ n−2 { K�=�6�J@3ÃCA5@C�6�CQ8M:o;�=?6�3	5o6�CQ8M: Φ(P)
C�K�8�6�BX=FK�6

ns−n/2−1
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P∗ { |,3Jp8	lF3
D(P∗) = 2s

8�5@N
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dΦ(P∗)− Φ(P)e =
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Corollary 4.4.
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5 Extreme Orders are Hard to Find
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Figure 5.2. A sample reduction from F:G�I:J K!M�F:G�O to P Q+M-T�V&W&V&X:Y�Z [ ZB] ^NM-G-Q�X . The steps store the set 	 �
���
� � �������
�����
and the vertical spike stores the target sum ��� �������

�
����� . If we flipturn the step of height ��� as soon as possible

(flipturn 3) and leave the other steps alone, then flipturning the test spike (flipturn 6) creates an orthogonal pocket.
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Figure 6.1. Strips defined by a polygon and one of its pockets. Strips � and ��� are highlighted. Triangles indicate

up-regions and down-regions. (a) The original polygon � , with � � � � and � � ��� . (b) The flipturned polygon � ′, with

� ′� � � and � ′� ��� .
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Figure 6.2. Cases for the proof of Lemma 6.1 where � is an up-region in strip �	� .
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