Enumerative Aspects of Certain Subclasses of Perfect Graphs

Venkatesan Guruswami^∗

Department of Computer Science and Engineering Indian Institute of Technology, Madras Ű 600 036 INDIA

Abstract

We investigate the enumerative aspects of various classes of perfect graphs like cographs, split graphs, trivially perfect graphs and threshold graphs. For subclasses of permutation graphs like cographs and threshold graphs we also determine the number of permutations π of {1, 2, . . . , n} such that the permutation graph G[π] belongs to that class. We establish an interesting bijection between permutations whose permutation graphs are cographs (P_4-free graphs) and permutations that are obtainable using an output-restricted deque [9] and thereby enumerate such permutations. We also prove that the asymptotic number of permutations of {1, 2, . . . , n} whose permutation graphs are split graphs is Θ(4n/ √ n). We also introduce a new class of graphs called C_5-split graphs, characterize and enumerate them. C_5- split graphs form a superclass of split graphs and are not necessarily perfect. All the classes of graphs that we enumerate have a �nite family of small forbidden induced subgraphs.

Keywords : Generating Functions, isomorphism, perfect graph, output-restricted deque, permutation graph, cograph, Young tableaux, Polya’s enumeration theory.

1 Introduction

All graphs we deal with are ^nite, simple and undirected. As usual for a graph G, V (G), E(G), ω(G), α(G) and χ(G) respectively denote the vertex set, edge set, size of a largest clique, size of a maximum independent set and the vertex chromatic number. For A ⊆ V (G), G[A] stands for the subgraph of G induced by A. C_n stands for the cycle on n vertices, K_n for the complete graph on n vertices and P_n for the path on n vertices.

A graph G is said to be perfect if for every A ⊆ V , ω(G[A]) = χ(G[A]); or equivalently G is perfect if α(G[A]) = θ_0(G[A]) where θ_0(H) stands for the minimum number of cliques in H needed to cover the vertices of H, as shown by Lovasz [13]. For a comprehensive treatment of various classes of perfect graphs, see [5].

Two graphs G and H are isomorphic if there exists a one-to-one correspondence between their vertex sets which preserves adjacency. Isomorphism is an equivalence relation and therefore partitions any set of graphs into isomorphism classes. A graph G with |V (G)| = n is labelled if the n vertices are distinguished from one another by names such as 1, 2, . . . , n. For a class C of graphs, by enumeration of class C we generally mean determining the number of non-isomorphic and labelled graphs on n vertices belonging to

�Current Address: NE43-370, MIT Lab for Computer Science, 545 Technology Square, Cambridge, MA 02139, USA. Email:

venkat@theory.lcs.mit.edu

the class C. The number of labelled graphs in C with n vertices is the number of graphs in C with vertex set {1, 2, . . . , n}, and by the number of unlabelled or nonŰisomorphic graphs in C we mean the number of isomorphism classes of graphs in C with n vertices.

Here we enumerate several subclasses of perfect graphs which have forbidden subgraph (induced) characterizations : split graphs (no C_4, 2K_2 or C_5), cographs (no P_4), threshold graphs (no P_4, C_4 or 2K_2), and trivially perfect graphs (no P_4 or C_4). We also introduce a class of graphs called C_5-split graphs (no C_4 or 2K_2), characterize and enumerate them. Wherever pertinent, we also enumerate permutation representations of a class of graphs (de^ned later). As a by-product, we also enumerate permutations that can be obtained using an output-restricted deque [9] by establishing a bijection between such permutations and P_4-free permutations (i.e permutations whose permutation graphs are cographs). We also determine the asymptotic value of the number of permutations of {1, 2, . . . , n} whose permutation graphs are split.

The (ordinary) generating function of a sequence {a_n}_{n≥0} is the power series ∑∞ n=0 a_nx^n. The exponential generating function of a sequence {a_n}_{n≥0} is the series ∑∞ n=0 a_nx^n/n!. Lemma 1.1 ([7]) If ∑∞ m=0 A_mx^m = exp{ ∑∞ m=1 a_mx^m}, then A_0 = 1 and for m ≥ 1, A_m = m^{−1}( ∑m k=1 ka_kA_{m−k}). 2 Cographs

An undirected graph is a cograph if it has no induced P_4. If π is a permutation of the numbers 1, 2, · · · , n, then the graph G[π] is de^ned as follows : V = {1, 2, · · · , n} and, (i, j) ∈ E iff (i − j)(π(i) − π(j)) < 0. A graph G is called a permutation graph if there exists a permutation π such that G ∼= G[π]. Note if π^{−1} is the inverse of the permutation π, G[π] ∼= G[π^{−1}]. It is well known that all cographs are permutation graphs and that permutation graphs are perfect (see [5]).

Lemma 2.1 If G = (V, E) is a connected cograph, then there exist u, v ∈ V such that (u, v) ∈ E and N_G(u) ∪ N_G(v) = V .

Proof : Follows easily by induction. The base cases are trivial; let G = (V, E) be a connected cograph on n vertices. Since G is connected it has a vertex v such that v is not a cutŰvertex of G. By the induction hypothesis, since H = G − v is a connected cograph on n − 1 vertices, it has two vertices x, y such that N_H (x) ∪ N_H (y) = V − {v}. Now, if either (v, x) ∈ E or (v, y) ∈ E, x and y are the required vertices in G, so assume (v, x), (v, y) /∈ E. Since G is connected, ∃w ∈ V , w ≠ x, y such that (v, w) ∈ E. Considering the four vertices {v, w, x, y} and noting that G is P_4-free we ^nd that (w, x), (w, y) ∈ E. If one of the pairs {w, x} or {w, y} satisfy the requirements of the lemma, we are through; so assume they don’t. In this case ∃p, q ∈ V − {v, w, x, y} such that (p, w), (p, y) /∈ E, but (p, x) ∈ E and (q, w), (q, x) /∈ E, but (q, y) ∈ E. Since G if P_4-free, we get considering the vertices {p, x, y, q} that (p, q) ∈ E. But now, {w, x, p, q} induces a P_4, a contradiction. 2

Lemma 2.2 If G is a connected cograph, then G^c is a disconnected cograph and vice versa.

Proof : Let u, v be as speci^ed by lemma 2.1. Then using lemma 2.1 and the fact that G^c has no induced P_4 ( since P_4 is self-complementary ), it is easy to see that u, v are in different connected components of G^c. 2

2.1 Enumeration of non-isomorphic cographs

Let g_n (resp. c_n) denote the number of non-isomorphic cographs (resp. non-isomorphic connected cographs) on n vertices. De^ne g_0 = 1, c_0 = 0 and g_1 = c_1 = 1. Let G(x) = ∑∞ m=0 g_mx^m and C(x) = ∑∞ m=0 c_mx^m be the corresponding generating functions.

Clearly by lemma 2.2, g_n = 2c_n for n ≥ 2 and hence we have :

G(x) − 1 + x = 2C(x) (1)

Since G is a cograph iff all connected components of G are cographs, it follows that (see for instance [7]) G(x) = ∏∞ k=1(1 − x^k)^{−ck} and so,

log G(x) = ∞∑ k=1 C(x^k) k (2) By 1 and 2, we have :

2C(x) − x + 1 = exp ∞∑ k=1 C(x^k) k (3) Using lemma 1.1, we get, for n ≥ 1,

g_n = n^{−1} n∑ m=1 g_{n−m}( ∑ d|m dc_d) and g_m = 2c_m for m ≥ 2

The above relations completely specify {g_n}_{n≥0} and the enumeration is complete; we get G(x) = 1 + x + 2x^2 + 4x^3 + 10x^4 + . . .

The enumeration of labelled cographs is similar in spirit and it can be shown that the exponential generating function f(x) for connected labelled cographs satis^es f(x) = x + e^{f(x)} − f(x) − 1. However, since all cographs are permutation graphs, we now proceed to ^nd the number of permutations π of {1, 2, · · · , n} such that G[π] is a cograph.

2.2 Enumeration of permutation representations of cographs

Denote by p_n (resp. q_n) the number of permutations π of {1, 2, · · · , n} such that G[π] is a cograph (resp. connected cograph). Also de^ne, p_0 = 1, q_0 = 0 and p_1 = q_1 = 1. Using lemma 2.2 and the fact that G[π^R] ∼= G[π]^c where π^R is the reversal of π, it follows that p_n = 2q_n for n ≥ 2. We require the following lemma for our enumeration:

Lemma 2.3 Let π = (a_1, a_2, . . . , a_n)be a permutation of {1, 2, · · · , n} and G = G[π]. If C is a component with t vertices in G, then the vertices of C are p, p + 1, . . . , p + t − 1 for some p, 1 ≤ p ≤ n − t + 1.

Proof : Let C be a connected component of G (consider C as a vertex set). If |C| = 1, the result is clear. Otherwise, let p, q be the smallest and largest vertices belonging to C.

Case 1: (p, q) ∈ E, then clearly a_p > a_q since p < q. Now, for p < i < q either a_i > a_q or a_i < a_p, so either (i, q) ∈ E or (p, i) ∈ E which implies i ∈ C.

Case 2: (p, q) ∉ E, so a_p < a_q. Suppose if possible let for some p < i < q, i ∉ C. Then a_p < a_i < a_q. Now if V_1 = {j ∈ C|j < i} and V_2 = {j ∈ C|j > i}, V_1, V_2 ≠ ϕ as p ∈ V_1 and q ∈ V_2. Since C induces a connected subgraph, there exist x ∈ V_1 and y ∈ V_2 such that (x, y) ∈ E. Since x < i < y it follows that either (x, i) or (i, y) ∈ E, which means that i ∈ C, a contradiction.

Thus in either case, i ∈ C for p ≤ i ≤ q. The result now follows by the choice of p and q. 2

Theorem 2.1 If P (x) = ∑∞ n=0 p_nx^n, then P (x) =^1_2 (3 − x − √ 1 − 6x + x^2).

Proof : In view of lemma 2.3, for n ≥ 2, a permutation π of {1, 2, · · · , n} such that G[π] is a disconnected cograph is of the form π = π_1π_2, where π_1 = (a_1, a_2, . . . , a_k) is permutation of {1, 2, . . . , k} for some 1 ≤ k < n such that G[π_1] is a connected cograph and π_2 is a permutation of {k +1, . . . , n} such that G[π_2] is a (possibly disconnected) cograph. Thus for n ≥ 2,

p_n − q_n = q_n = ∑n−1 k=1 q_kp_{n−k} or, p_n = ∑n k=1 q_kp_{n−k} (since p_0 = 1).

Note that since p_1 = p_0 = q_1 = 1, the above equation is valid even for n = 1 and thus we have : ∑∞ n=1 p_nx^n = ( ∑∞ n=1 q_nx^n)( ∑∞ n=0 p_nx^n), or, P (x) − 1 =^1_2 (P (x) + x − 1)P (x) (since p_n = 2q_n for n ≥ 2)

Solving the above equation and using the fact that P (0) = 1, we get:

P (x) = 3 − x − √ 1 − 6x + x^2 2 2 The coef^cients {r_n}_{n≥0} of the power series R(x) = ∑∞ n=0 r_nx^n where R(x) = 1 − x − √ 1 − 6x + x^2 2x , are called the Schrĺoder numbers which made their original appearance in [19] and come up in several enumeration problems [16, 17, 20]. It is known that these numbers satisfy the recurrence relation

(n + 1)r_n = 3(2n − 1)r_{n−1} − (n − 2)r_{n−2}, for n ≥ 2

with r_0 = 1 and r_1 = 2. They also have an expression in terms of Catalan numbers C_m =^1_{m+1} (2m m ) , (C_0 = 1), as

r_n = n∑ i=0 ( 2n − i i ) C_{n−i} In the case considered here p_n = r_{n−1} for n ≥ 1, thus providing yet another example of the occurrence of Schrĺoder numbers in combinatorial problems.

2.3 Permutations obtainable using an output-restricted deque

2.3.1 Preliminaries

A permutation π such that G[π] is a cograph will be called a P_4-free permutation. An output-restricted deque (OPD) is a linear list for which all insertions are made at either end of the list and deletions are made at only one end of the list. One may denote by s, q and x the operations of inserting an element at the left, inserting at the right and emitting an element from the left end of an OPD. A permutation π is obtainable using an OPD (called OPD-perm) if π can be obtained by a sequence of operations comprising of s, q and x performed using the numbers 1, 2, · · · , n in that order starting with the empty deque (see [9] for details). Let d_n denote the number of OPD-permutations on {1, 2, · · · , n}. In this section , we obtain a Şclosed fromŤ for the generating function D(z) = ∑ n≥0 d_nz^n by exhibiting a nice bijection from the set of P_4-free permutations on 1, 2, · · · , n to the set of OPD-permutations on 1, 2, · · · , n. This gives a simple proof of the fact that D(z) =^1_2 (3 − z − √ 1 − 6z + z^2). This formula is given a generating function based proof in [9], another (more combinatorial) proof appears in [17], where it is shown, by exhibiting a bijection between OPD-permutations on {1, 2, . . . , n} and the lattice paths between (0, 0) and (n − 1, n − 1) that always stay on or below the diagonal with possible steps being (0, 1), (1, 0) or (1, 1), that d_n = r_{n−1}, the (n − 1)th Schrĺoder number.

2.3.2 Parse tree of a P_4-free permutation

If G_1 = (V_1, E_1) and G_2 = (V_2, E_2) are graphs with V_1 ∩ V_2 = ϕ, then their union G_1 ∪ G_2 and their join G_1 × G_2 are de^ned by:

V (G_1 ∪ G_2) = V_1 ∪ V_2, E(G_1 ∪ G_2) = E_1 ∪ E_2.

V (G_1 × G_2) = V_1 ∪ V_2, E(G_1 × G_2) = E_1 ∪ E_2 ∪ {(u, v) : u ∈ V_1, v ∈ V_2} By lemma 2.2, it is easy to see that cographs may be recursively de^ned as :

• K_1 is a cograph.

• If G_1, G_2 are cographs, then G_1 ∪ G_2 and G_1 × G_2 are cographs.

• No graph is a cograph unless it can be obtained using a ^nite number of applications of the ^rst two conditions.

This recursive de^nition has been used to associate a unique parse-tree called a cotree with every cograph G (see [3]).

However, since we are interested in P_4-free permutations, we associate with each P_4-free permutation π of {1, 2, · · · , n} a unique rooted ordered tree (see [9] for de^nitions) T (π) such that:

i. Every internal node has at least two children.

ii. The n leaves of T (π) are given labels from {1, 2, · · · , n} in a speci^c way and correspond to the n vertices of G[π].

iii. Internal nodes of T (π) are given labels from {U, X} and accordingly called U-node or X-node; Children of a U-node (resp. X-node) are not U-nodes (resp. X-nodes).

Let π be a P_4-free permutation, so that G[π] is a cograph. If G[π] has more than one vertex, then by lemma 2.3 we may write π = π_1π_2 . . . π_k (k > 1), where :

• If G is connected, k is the number of connected components of G^c, and G = G[π_1] × G[π_2] × . . . × G[π_k], each G[π_i] is disconnected.

• If G is disconnected, G[π_i] for 1 ≤ i ≤ k are the connected components of G.

With each P_4-free permutation π, we associate an ordered tree T (π) as follows:

• If |π| = 1 and π = (m), T (π) consists of the single leaf labelled m.

• If G[π] is disconnected, let π = π_1π_2 . . . π_k as above. Then T (π) consists of a root labelled U with children root(T (π_1)) · · · root(T (π_k)) in that order from left to right.

• If G[π] is connected, let π = π_1π_2 . . . π_k as above. Then T (π) consists of a root labelled X with children root(T (π_1)) · · · root(T (π_k)) in that order from left to right.

Note that i, j are adjacent in G[π] iff the lowest common ancestor of the leaves labelled π(i) and π(j) in T (π) is a X-node. De^ne:

T_n = {T (π)|π is a P_4-free permutation of (1, 2, · · · , n) } and, P_n = {π|π is a P_4-free permutation of (1, 2, · · · , n)}. Then it is easy to see that the above association T : P_n → T_n is a bijection.

2.3.3 Correspondence between P_4-free and OPD-permutations

Lemma 2.4 ([9]) There is a bijection between the set of OPD-permutations on (1, 2, . . . , n) and the set of admissible sequences of length 2n on the symbols s, q, x where an admissible sequence of length 2n is characterized by:

i. There are n x’s and n combined s’s and q’s.

ii. The number of x’s must never exceed the combined number of s’s and q’s reading from the left.

iii. Whenever the number of x’s equals the combined number of s’s and q’s (reading from the left), the next symbol must be a q.

iv. The two symbols xq must never be adjacent in this order.

Remark: It might appear that conditions (iii) and (iv) above contradict each other, but in fact they don’t. The combined effect of these two is that an admissible string S begins with a q and the number of s’s and q’s strictly exceed the number of x’s in any proper pre^x of S. For further details, refer [9, Section 2.2.1, Ex 10] or [17].

Lemma 2.5 (V.Pratt) Let G = (V, T, P, S) be a context-free grammar with V = {S, B}, T = {s, q, x} and productions S → q^n(Bx)^n, B → sq^n(Bx)^{n+1}B, for all n ≥ 0 and B → ϵ. Then G is unambiguous and U_n = {y|y ∈ L(G) and y has n x’s} is precisely the set of all admissible strings in {s, q, x}^∗ of length 2n as de^ned above in lemma 2.4.

Theorem 2.2 |U_n| = |T_n|.

Proof : We prove this by establishing a bijection between the two sets.

Since G is unambiguous, for each y ∈ U_n one can associate a unique parse tree P T (y) (see [8]). On deleting from P T (y) the leaves corresponding to the terminals s, q, x and ϵ, one can get a unique parse tree F (y) ∈ Q_n where Q_n is the set of rooted ordered trees T satisfying :

• The root of T is labelled S, all other nodes of T are labelled B, and T has n leaves.

• All internal nodes except possibly the root have more than one children.

Conversely, it is easy to see that for any such tree T ∈ Q_n, there corresponds a unique string in U_n (the string will be in U_n because T has n leaves all labelled B and any string w ∈ (V ∪ T )^∗ derived from S without using any ϵ-productions will have equal number of B’s and x’s).

Thus it suf^ces to exhibit a bijection g : T_n → Q_n. Let T ∈ T_n. De^ne g(T ) as follows :

• If the root of T is a U-node, then obtain T^′ by changing the labels of all nodes (including leaves) of T to B. Then g(T ) will consist of a root labelled S with exactly one child root(T^′).

• If the root of T is a X-node, then obtain g(T ) by changing the labels of all the nodes (including the leaves) of T other than the root of T to B and changing the label of the root of T from X to S.

It is a routine matter to check that g is a bijection from T_n onto Q_n. Thus : |U_n| = |Q_n| = |T_n|. 2 Theorem 2.3 The number of P_4-free permutations on {1, 2, . . . , n} equals the number of OPD-permutations on {1, 2, . . . , n}.

Proof : By lemma 2.4, d_n = |U_n| and the result follows from theorem 2.2 and the fact that |P_n| = |T_n|. 2

Corollary 2.1 If d_n stands for the number of permutations of {1, 2, . . . , n} obtainable using an outputrestricted deque, then the generating function D(z) = ∑ n≥0 d_nz^n is given in closed form by: D(z) = 3 − z − √ 1 − 6z + z^2 2 Proof : Follows immediately from theorems 2.1 and 2.3 2 Remark : We have established an interesting bijection between P_4-free permutations and OPD-permutations by exploiting the notions of parse-tree associated with both cographs and context-free grammars. It would be interesting to obtain a more direct bijection. Such a bijection may also throw some light upon the nature of permutations that can be obtained through an output-restricted deque.

3 Split Graphs

An undirected graph G is a split graph if both G and G^c are chordal. The name arises in view of the following :

Theorem 3.1 [4] For an undirected graph G = (V, E), the following are equivalent:

i. G and G^c are chordal.

ii. G contains no induced subgraph isomorphic to 2K_2, C_4 or C_5.

iii. There is a partition V = S ∪ K of the vertex set of G into an independent set S and a clique K.

In general the partition V = S∪K of the vertex set of a split graph will not be unique, so the enumeration for the labelled case is interesting and we deal with it ^rst.

3.1 Labelled split graphs Since the clique number ω(G) of a split graph G is very useful in determining its structure, we ^rst evaluate f(n, k), the number of labelled split graphs of order n with clique number k.

Theorem 3.2 For 1 ≤ k ≤ n, f(n, k) = ( n k ) (2^k − 1)^{n−k} − ( n k − 1 ) (2^{k−1} − 1)^{n−k+1} + ( n k − 1 ) 2^{(k−1)(n−k+1)} − k ( n k ) 2^{(k−1)(n−k)} Proof : Assume that the vertex set of G is partitioned as V = S ∪ K where K is a maximum clique, with |K| = k. We ^rst observe that N = (n k ) (2^k − 1)^{n−k} is the number of ways to choose a set K of k vertices from n (labelled) vertices and designate them as the vertices of a maximum clique and allocate subsets (≠ K) of these k vertices to the remaining n−k vertices (which will be in S) as their neighborhoods in G.

Now we have to account for those labelled graphs that are counted more than once in N (owing to the non-uniqueness of the splittings as V = S ∪ K with |K| = ω(G)). It is not dif^cult to see that a graph G with a splitting V = S ∪ K with |K| = ω(G) is counted exactly j (> 1) times in N iff there exist vertices v_1 ∈ K and exactly j−1 vertices v_2, · · · , v_j ∈ S such that N_G(v_1) = N_G(v_2) = · · · = N_G(v_j) = K−{v_1}. Also these conditions imply that such a v_1 ∈ K is unique. Hence such graphs G (which are counted j > 1 times) are precisely those that have a vertex subset T such that |T | = k − 1, G[T ] is a clique and V − T is an independent set and a set P ⊆ V − T such that |P | = j and N_G(v) = T for v ∈ V − T if and only if v ∈ P . It is therefore easy to see that one must subtract (j − 1) ( n k−1 )(n−k+1 j ) (2^{k−1} − 1)^{n+1−k−j} from N so that all such graphs are counted exactly once. Thus we get :

f(n, k) = N − n−k+1 ∑ j=1 ( n k − 1 ) (j − 1) ( n − k + 1 j ) (2^{k−1} − 1)^{n+1−k−j}

= ( n k ) (2^k − 1)^{n−k} − k ( n k ) 2^{(k−1)(n−k)} + ( n k − 1 ) [2^{(k−1)(n−k+1)} − (2^{k−1} − 1)^{n−k+1}]

and the result follows. 2

Corollary 3.1 The number s_n of labelled split graphs on n vertices is given by:

s_n = 1 + n∑ k=1 ( n k − 1 ) 2^{(k−1)(n−k+1)} − n n∑ k=1 ( n − 1 k − 1 ) 2^{(k−1)(n−k)} Proof : Follows from theorem 3.2 since s_n = ∑n k=1 f(n, k). 2 3.2 Non-isomorphic split graphs

The symmetry involved in this case necessitates the use of Polya’s enumeration theory (see [7, 12]). We review some necessary notation. If G (resp. H) are permutation groups acting on X (resp. Y ), then the group G × H acts in the natural way on X × Y as (g, h)(x, y) = (gx, hy), for all x ∈ X, y ∈ Y . Z(G) denotes the cycle index of a permutation group G.

Let f(x; p, q) = ∑pq m=0 b_mx^m denote the counting series for bicolored graphs where b_m is the number of non-isomorphic bicolored graphs with m edges and p + q vertices with p of them of one color and q of the other color. In the notation of [7], f(x; p, q) is given as follows in [12] : f(x; p, q) = Z(S_p × S_q; 1 + x) where S_k is the symmetric group of degree k.

Let [a, b] (resp. (a, b)) denote the lcm (resp. gcd) of a and b. Let j_k(α) denote the number of k-cycles of a permutation α. Then as shown in [7],

Z(S_m × S_n) = 1 m!n! ∑ α∈Sm,β∈Sn m,n∏ r,t=1 s^{(r,t)jr(α)jt(β)} [r,t] Now a split graph G = (V, E) with splitting V = S ∪ K with |S| = p and |K| = q can be viewed as a bicolored graph in which the vertices in the clique K get one color and the ones in S get the other color.

Now it is easy to see that B(x; p, q) = x(^{q2})f(x; p, q) is the counting series for split graphs that admit a splitting V = S ∪ K with |S| = p, |K| = q. De^ne B(x; p, 0) = 1, B(x; 0, q) = x(^{q2}) and B(x; p, q) = 0 if p < 0 or q < 0.

Theorem 3.3 Let SP_k(n; x) denote the counting series for non-isomorphic split graphs on n vertices with clique number k (1 ≤ k ≤ n). Then SP_k(n; x) = B(x; n − k, k) − x^kB(x; n − k − 1, k).

Proof : Let G = (V, E) be a split graph that admits a partition V = S ∪ K, with |K| = k. Then ω(G) = k unless there exists v ∈ S such that N_G(v) = K. But in that case H = G − v is a split graph with k edges less and that admits a splitting V (H) = S^′ ∪ K^′ where |S^′| = n − k − 1 and |K^′| = k. The stated result follows since such graphs G (which are counted in B(x; n − k, k) though their clique-number is not k) are in bijective correspondence with graphs H that admit a splitting V (H) = S ∪ K with |S| = n − k − 1 and |K| = k. 2 Corollary 3.2 The counting series s_n(x) for split graphs on n vertices is given by s_n(x) = ∑n k=1 SP_k(n; x). Example : We illustrate the above corollary for n = 5. We get: s_5(x) = ∑5 k=1(B(x; 5 − k, k) − x^kB(x; 4 − k, k)) Using Z(S_n; 1 + x) = 1 + x + . . . + x^n and Z(S_3 × S_2) = 1 + x + 3x^2 + 3x^3 + 3x^4 + x^5 + x^6 we get: s_5(x) = 1 + x + x^2 + 3x^3 + 3x^4 + 3x^5 + 3x^6 + 3x^7 + 3x^8 + x^9 + x^{10}.

4 C5-split Graphs

We now introduce a class of graphs called C_5-split graphs and proceed to characterize and enumerate them. A graph G is called C_5-split if G has no induced C_4 or 2K_2. Such a G will also be called C_4, 2K_2-free. C_5-split graphs form a superclass of split graphs and are in general not perfect ( eg. C_5 - the cycle on ^ve vertices is not perfect ). Note that G is C_5-split iff G^c is C_5-split. The following theorem characterizes C_5-split graphs.

Theorem 4.1 Let G = (V, E) be a C_4, 2K_2-free graph. Then either G is a split graph or there is a partition of the vertex set of G as V = C ∪ K ∪ S, such that C induces a 5-cycle, K is a clique, S is an independent set, {(x, y)|x ∈ C, y ∈ K} ⊂ E and {(x, z)|x ∈ C, z ∈ S} ∩ E = ϕ. Proof : Let ω(G) = p, and let P be a maximum clique (with |P | = p) such that G[V − P ] has least number of edges, say k of them. If k = 0 then G is a split graph. So assume k ≥ 1. Since G has no induced 2K_2, G[V − P ] will have exactly one non-trivial component say H = (V^′, E^′), V^′ ⊆ V − P . For v ∈ V^′ denote by d^P (v) the number of vertices in P adjacent to v, i.e, d^P (v) = |N_G(v) ∩ P |.

Let (a, b) ∈ E^′ be an edge in H. P being a maximum clique, there must exist distinct vertices d, e ∈ P such that (a, d) ∉ E, (b, e) ∉ E. Since G is C_4, 2K_2-free, exactly one of (a, e) and (b, d) belongs to E. Assume for de^niteness, (b, d) ∈ E, (a, e) ∉ E.

For x ∈ P − {d, e}, if (b, x) ∉ E, then G would have a 2K_2 induced by {a, b, x, e} or a C_4 induced by {a, b, x, d} depending on whether (a, x) ∉ E or (a, x) ∈ E respectively. Hence (b, x) ∈ E and we conclude N_G(b) ∩ P = P − {e} and d^P (b) = p − 1. Also clearly d^P (a) ≤ p − 2 since (a, e), (a, d) ∉ E (see ^g. 1).

Let us call v ∈ V^′ good if d^P (v) = p − 1 and bad if d^P (v) < p − 1. By maximality of P , d^P (v) < p for every v ∈ V^′ and so every v ∈ V^′ is either good or bad (but not both). By the preceding argument a is bad and b is good. Since, the arguments were for any edge (a, b) ∈ E^′, it follows that every edge of H has one end good and the other end bad. This means that any path in H connecting two good or two bad vertices must be of even length. In particular H can have no odd cycles. H being an induced subgraph of G, is also C_4, 2K_2-free and hence H can have no even cycle as well. Hence H is acyclic and being connected, is a tree. Being 2K_2-free, H can have no path of length greater than 3, and hence H is a tree with diam(H) ≤ 3.

Consider once again the edge (a, b) ∈ E with a (resp. b) being a bad (resp. good) vertex. Since N_G(b) ∩ P = P − {e}, P^′ = (P ∪ {b}) − {e} is also a maximum clique. By our choice of P , G[V − P^′] can have no fewer edges than G[V − P ] which together with the fact that (a, b) ∈ E but (a, e) ∉ E implies that there exists a vertex c ∈ V − P (c ≠ b) such that (e, c) ∈ E but (b, c) ∉ E. Now (a, c) ∈ E, for else {b, a, c, e} would induce a 2K_2. Similarly the fact that {b, a, c, d} cannot induce a C_4 means that (c, d) ∉ E (see Fig. 1, dotted lines indicate absence of an edge).

Thus, for any edge (a, b) ∈ E^′ with a being a bad vertex, there exists c ∈ V^′ (c ≠ b) such that (a, c) ∈ E^′. Thus, no bad vertex can be a pendant vertex in H. We have seen that diam(H) ≤ 3. Suppose now that diam(H) = 3, then there are pendant vertices x, y such that d_H (x, y) = 3. But, then x and y would be good vertices connected by a path of odd length, a contradiction. If diam(H) = 1, H = K_2 which would imply that H has a pendant vertex that is bad, a contradiction. Hence diam(H) = 2 and H = K_{1,q} for some q ≥ 2.

We now prove q = 2. Indeed if possible let q > 2. This means that there exists w ∈ V^′ (w ≠ b, c) such that (a, w) ∈ E^′. Now since G is C_4-free, (w, d) ∉ E and (w, e) ∉ E. So d^P (w) ≤ p − 2, i.e w is a bad vertex, a contradiction since (a, w) ∈ E^′.

We therefore have V^′ = {a, b, c} and E^′ = {(a, b), (a, c)}. Since b, c are good vertices, clearly N_G(b), N_G(c) ⊃ P − {d, e}. Also if z ∈ P − {d, e}, then (a, z) ∈ E for otherwise {b, a, c, z} would induce a C_4. Hence N_G(a) ∩ P = P − {d, e}. For y ∈ V − P − V^′, if (y, d) ∈ E then {a, c, y, d} would induce a 2K_2, so (y, d) ∉ E. Similarly (y, e) ∉ E. Hence N_G(y) ⊆ P − {d, e}. Now it is easy to see that C = {a, b, c, d, e}, K = P − {d, e} and S = V − (P ∪ {a, b, c}) form the desired partition of V . 2 The following result follows at once from theorem 4.1,

Theorem 4.2 Let G be a C_5-split graph on n vertices. Then G has at most n maximal cliques and n maximal independent sets. Also if G is not a split graph, then G has exactly ^ve maximum cliques and ^ve maximum independent sets.

We now turn to enumerative aspects. Since we have already enumerated split graphs, let us now determine y_n (resp. z_n), the number of labelled (resp. non-isomorphic) C_5-split graphs on n vertices that are not split graphs.

Theorem 4.3 y_n = 12 (n 5 ) ∑n−5 k=0 (n−5 k ) 2^{k(n−5−k)} Proof : Following the terminology of theorem 4.1, the labels for C can be chosen in (n 5 ) ways and after being chosen can be assigned to C_5 in 12 ways (since the automorphism group of C_5 is D_5, the dihedral group of order 5). Let k = |K|, then 0 ≤ k ≤ n − 5 and K can be chosen in (n−5 k ) ways. Each of the remaining n−5−k vertices comprising S can be assigned any of the 2^k subsets of K as their neighborhoods in the graph in 2^{k(n−5−k)} ways. The result now easily follows. 2

Recall that f(x; p, q) stands for the counting series for non-isomorphic bicolored graphs on p+q vertices with p of them of one color and q of the other color.

Theorem 4.4 The counting series h_n(x) for the number of non-isomorphic C_5-split graphs on n vertices that are not split graphs is given by:

h_n(x) = n−5∑ q=0 x^{q2+9q+102} f(x; n − 5 − q, q) = x^5 n−5∑ q=0 x^{q(q+9)2} Z(S_{n−5−q} × S_q; 1 + x)

Proof : Following the terminology of theorem 4.1, it is easy to see that there is a bijection between the set of C_5-split graphs (that are not split graphs) with |K| = q and |S| = n − 5 − q and the set of bicolored graphs on n − 5 vertices with q of one color (say R) and n − 5 − q of the other color (say B). Indeed if G is such a C_5-split graph, obtain f(G) by removing from G all vertices in C and all edges in the clique K and coloring the vertices in K with R and those in S with B. Clearly, f is the desired bijection. The result now easily follows since G has (q 2 ) + 5 + 5q more edges than f(G). 2

5 Trivially Perfect Graphs

Let m(G) denote the number of maximal cliques in a graph G. A graph G is said to be trivially perfect if for each S ⊆ V (G), α(G[S]) = m(G[S]). These graphs were introduced by Golumbic [6] and are clearly perfect.

Lemma 5.1 ([6]) A graph is trivially perfect iff it has no induced P_4 or C_4.

Lemma 5.2 ([21]) If G is connected and has no induced P_4 or C_4, then G has a vertex of degree |V (G)|−1.

5.1 Labelled trivially perfect graphs

Let P a graph theoretic property such that a graph G satis^es P iff every connected component of G satis^es P . For such a property P , let G_P (x) = ∑∞ n=0 g_nx^n/n! (resp. C_P (x) = ∑∞ n=0 c_nx^n/n!) denote the exponential generating function for the labelled (resp. labelled connected) graphs satisfying P . Then it is well-known that ( see for example [7] )

G_P (x) = 1 + ∞∑ n=1 C^n_P (x) n! = e^{CP (x)} Henceforth, let G(x) (resp. C(x)) denote the exponential generating functions for the labelled (resp.

labelled connected) trivially perfect graphs. We have g_1 = g_0 = c_1 = 1 and c_0 = 0.

Lemma 5.3 C(x) = (1 − e^{−x})G(x).

Proof : Let c_{n,k} denote the number of connected trivially perfect graphs G on n vertices with exactly k vertices of degree n − 1. By lemmas 5.1 and 5.2, we need to consider only k such that 1 ≤ k ≤ n and on removing those k vertices from G, G must become disconnected. Since there are g_{n−k} − c_{n−k} labelled disconnected trivially perfect graphs on n−k vertices, it is easy to see that c_{n,k} = (n k ) (g_{n−k} −c_{n−k}). Hence, C(x) = ∞∑ n=1 n∑ k=1 ( n k ) (g_{n−k} − c_{n−k}) x^n n! or,

C(x) = ∞∑ k=1 ∞∑ r=0 x^k k! ( g_rx^r r! − c_rx^r r! ) or,

C(x) = (e^x − 1)(G(x) − C(x)) 2

Theorem 5.1 For n ≥ 1,

i. c_n = ∑n k=1 (n k ) (−1)^{k−1}g_{n−k}. ii. g_n = ∑n k=1 (n−1 k−1 ) c_kg_{n−k}. Proof :

i. Follows from lemma 5.3

ii. Follows easily from lemma 1.1 and the fact that G(x) = e^{C(x)}. 2

Using theorem 5.1 we calculated c_n and then g_n and we have:

C(x) = x + x^2 2! + 4x^3 3! + 23x^4 4! + 181x^5 5! + · · · ;

G(x) = 1 + x +

2x^2 2! + 8x^3 3! + 49x^4 4! + 402x^5 5! + · · · One can also get an explicit formula for c_n in terms of Stirling numbers of the second kind (see Knuth[9, Section 1.2.6] for de^nitions). For this we relate C(x) to the exponential generating function T (x) for labelled rooted trees which is known to be

T (x) = ∞∑ n=1 n^{n−1}x^n n! . It is also known that T (x) satis^es T (x) = xe^{T (x)} which together with C(x) = (1 − e^{−x})G(x) = (1 − e^{−x})e^{C(x)} implies that

C(x) = T (1 − e^{−x}) = ∞∑ k=1 k^{k−1}(1 − e^{−x})^k k! Now, we have the following formula involving Stirling numbers of the second kind (see [9, Section 1.2.9]):

(e^z − 1)^n = z^n + 1 n + 1 { n + 1 n } z^{n+1} + · · · = n! ∑ k { k n } z^k k!

Thus we have C(x) = ∞∑ n=1 n^{n−1} ∑ k≥0 { n + k n } x^{n+k} (n + k)!

(−1)^k

= ∞∑ n=1 (−1)^nx^n n! n∑ k=1 { n k } (−1)^kk^{k−1} implying

c_n = (−1)^n n∑ k=1 { n k } (−1)^kk^{k−1} for n ≥ 1

Remark: The relation C(x) = T (1 − e^{−x}) can also be derived directly from lemma 5.4 of section 5.2^1. Using lemma 5.4 we want to count equivalence classes of rooted trees, where two rooted trees are considered equivalent if they have the same comparability graph. If v_1, v_2, . . . , v_m are vertices in a rooted tree such that for 1 ≤ i < m, v_{i+1} is the only child of v_i, then permuting v_1, v_2, . . . , v_m arbitrarily yields an equivalent tree, and all equivalent trees can be obtained in this way. Thus we may represent the equivalence class by ŞcontractingŤ vertices v_1, v_2, . . . , v_m to a single vertex with m labels. The maximally contracted tree obtained thus will have the property that no vertex has exactly one child.

Let U(x) be the exponential generating function for rooted (labelled) trees in which no vertex has exactly one child. Since (e^x − 1)^k/k! the exponential generating function for partitions of a labelled set into k parts, it follows from the properties of exponential generating functions that the exponential generating function for equivalence classes, i.e., C(x), is U(e^x −1). Similarly, it can be shown that T (x) and U(x) are related by T (x) = U(x/(1−x)), so U(x) = T (x/(1+x)). Combining these two formulas we get C(x) = T (1−e^{−x}) as desired.

5.2 Non-isomorphic trivially perfect graphs

Let f_n (resp. h_n) denote the number of non-isomorphic connected (resp. non-isomorphic) trivially perfect graphs on n vertices. De^ne h_0 = f_1 = h_1 = 1.

Lemma 5.4 ([6]) A connected graph is trivially perfect iff it is a comparability graph whose Hasse diagram is a rooted tree.

Theorem 5.2 For n ≥ 0, h_n = T_{n+1} where T_{n+1} stands for the number of rooted trees (non-isomorphic) of order n + 1.

Proof : By virtue of lemmas 5.1 and 5.2, we have f_k = h_{k−1} for k ≥ 1. Hence h_n = f_{n+1}. By lemma 5.4, it is easy to see that f_{n+1} = T_{n+1} and so h_n = f_{n+1} = T_{n+1}. 2

6 Enumerative aspects of Threshold graphs

6.1 Preliminaries

Let G = (V, E) be a simple graph and let V = {v_1, v_2, · · · , v_n}. Any subset X ⊆ V corresponds naturally to a characteristic vector x^′ = (x_1, x_2, · · · , x_n) where x_i = 0 or 1 according as v_i ∈ X or v_i ∉ X. G is a threshold graph if there is a linear inequality ∑n i=1 a_ix_i ≤ t such that X ⊆ V is an independent set iff its

1We thank an anonymous referee for this observation

characteristic vector satis^es the inequality. Threshold graphs were introduced by Chvatal and Hammer [2], and more details may be found in [14].

Let G = (V, E) be a graph. Let 0 < δ_1 < · · · < δ_m < |V | be the distinct degrees of the non-isolated vertices in G. De^ne δ_0 = 0. The degree partition of G is given by V = D_0 ∪ D_1 ∪ · · · ∪ D_m where D_i is the set of vertices in G of degree δ_i (D_i ≠ ϕ for i > 0).

Let us call a connected threshold graph (i.e, one with D_0 = ϕ) an odd or even threshold graph according as m is odd or even.

Theorem 6.1 ([5]) Let G = (V, E) be a threshold graph with degree partition V = ∪^m_{i=0}D_i. De^ne δ_{m+1} = |V | − 1. Then δ_{i+1} = δ_i + |D_{m−i}| for i ∈ {0, 1, · · · , m} − {⌊^m_2 ⌋}. Also if x ∈ D_i, y ∈ D_j, (x ≠ y), then (x, y) ∈ E iff i + j > m.

Theorem 6.2 ([2]) A graph is a threshold graph iff it has no induced 2K_2, P_4 or C_4.

Theorem 6.1 implies that the structure of a threshold graph is entirely determined by the sizes of the parts of the degree partition.

Lemma 6.1 A threshold graph has at most one non-trivial connected component. Also G is threshold iff G^c is threshold.

Proof : Both the statements follow at once from theorem 6.2. 2

Lemma 6.2 ([5]) The number of mutually non-isomorphic n-vertex threshold graphs is 2^{n−1}.

6.2 Labelled Threshold graphs

For n ≥ 2, let g_n (resp. c_n) denote the number of labelled threshold graphs (resp. labelled connected threshold graphs) on n vertices. Also de^ne g_0 = g_1 = c_0 = 1 and c_1 = 0. Let G(x) (resp. C(x)) be the exponential generating function of {g_n}_{n≥0} (resp. {c_n}_{n≥0}). A closed form expression for G(x) has already been obtained in [1], however we derive it here for the sake of completeness. Moreover, the result in [1] derives a much more general generating function and obtains an expression for G(x) as a by-product, we present a much more direct (and simpler) derivation.

By theorem 6.1, if G is a connected threshold graph, then G has a vertex of degree |V | − 1 and hence G^c is disconnected. Hence by lemma 6.1, g_n = 2c_n for n ≥ 2.

Theorem 6.3 C(x) =^{1−x}_{2−ex} .

Proof : For n ≥ 2, the number of labelled connected threshold graphs with exactly k vertices of degree |V | − 1 (1 ≤ k ≤ n), is clearly given by: (n k ) × (number of disconnected labelled threshold graphs of order n − k). For n ≥ 2, we therefore have,

c_n = n−2∑ k=1 ( n k ) (g_{n−k} − c_{n−k}) + ( n n − 1 ) 0 + ( n n ) = n∑ k=1 ( n k ) c_{n−k} or,

2c_n = n∑ k=0 ( n k ) c_{n−k} for n ≥ 2 (4)

Hence for n ≥ 2,^{2cn}_{n!} = ∑n k=0 c_k k!(n−k)! and thus, 2C(x) − 2 = e^xC(x) − x − 1 and the result follows. 2

Corollary 6.1 G(x) =^{ex(1−x)}_{2−ex}

Proof : Since g_n = 2c_n for n ≥ 2, we have G(x) = 2C(x) + x − 1 and the result now follows using theorem 6.3. Equation 4 along with g_n = 2c_n for n ≥ 2 is also a handy recurrence relation. 2 The ^rst few terms of G(x) are:

G(x) = 1 + x +

2x^2 2! + 8x^3 3! + 46x^4 4! + 332x^5 5! + · · · 6.3 Permutation Representations of threshold graphs By theorem 6.2, all threshold graphs are cographs and hence also permutation graphs. Let, for n ≥ 2, f(n) (resp. g(n)) denote the number of permutations π of (1, 2, · · · , n) such that G[π] is a connected (resp. disconnected) threshold graph. Also de^ne f(1) = 1 and g(1) = 0. Let T (n) denote the number of permutations π of (1, 2, · · · , n) such that G[π] is a threshold graph. Clearly for n ≥ 1, T (n) = f(n) + g(n). Also by lemma 6.1, for n ≥ 2, f(n) = g(n).

Theorem 6.4 For n ≥ 2, T (n) = 4T (n − 1) − 2T (n − 2) with T (0) = T (1) = 1.

Proof : Let h(n, k) be the number of permutations of (1, 2, · · · , n) such that G[π] is the union of k isolated vertices with a connected threshold graph on the remaining n − k vertices, 1 ≤ k ≤ n − 2 (by lemma 6.1, G[π] has at most one non-trivial component if it is a threshold graph). Also let h(n, n − 1) = 0 and h(n, n) = 1. For 1 ≤ k ≤ n − 2, using lemma 2.3, if π is counted in h(n, k), then π = (1, 2, . . . , l)τ(n − k + l + 1, . . . , n) where 0 ≤ l ≤ k and τ is a permutation of (l + 1, . . . , n − k + l) such that G[τ] is a connected threshold graph on n − k vertices. Since there are k + 1 choices for l and f(n − k) choices for τ, we get g(n) = n∑ k=1 h(n, k) = 1 + n−2∑ k=1 (k + 1)f(n − k) For n ≥ 2, T (n) = 2g(n) = 2f(n) and hence

T (n) = 2 + n−2∑ k=1 (k + 1)T (n − k) = 2 + n−1∑ k=2 (n − k + 1)T (k)

We therefore have, for n ≥ 4,

T (n) − T (n − 1) = n−2∑ k=2 T (k) + 2T (n − 1)

T (n − 1) − T (n − 2) = n−3∑ k=2 T (k) + 2T (n − 2)

From the above two equations,

T (n) = 4T (n − 1) − 2T (n − 2), for n ≥ 4

and it is easy to see that the above is valid for n = 2, 3 as well. 2

Theorem 6.5 For n ≥ 0, T (n) = ( √ 2)^{n−3}{( √ 2 + 1)^{n−1} + ( √ 2 − 1)^{n−1}}.

Proof : Follows by solving the recurrence relation of theorem 6.4. 2

6.4 Permutation representation of Split graphs

In the previous section, we determined T (n), the number of permutations π on {1, 2, . . . , n} such that G[π] is a threshold graph. It is well-known that threshold graphs form a proper subclass of split permutation graphs (see, for instance [5]) and we now proceed to determine the asymptotic value of the numbers sp_n, where sp_n stands for the number of permutations π of {1, 2, . . . , n} such that G[π] is a split graph.

For a permutation π, denote by li(π) and ld(π) the lengths of the longest increasing and longest decreasing subsequences in π. Clearly li(π) = α(G[π]) and ld(π) = ω(G[π]).

Lemma 6.3 For n ≥ 1, sp_n ≤ (2n n ) . Proof : Let π be a permutation counted in sp_n. For all permutations π, li(π) + ld(π) ≤ n + 1 since the longest increasing and decreasing subsequences can have at most one common element. Moreover, since G[π] is a split graph, clearly n ≤ li(π) + ld(π) and π must have an increasing subsequence σ_k of length k and a decreasing subsequence γ_{n−k} (that is disjoint with σ_k) of length n − k for some k, 0 ≤ k ≤ n. The number of permutations π of {1, 2, . . . , n} which have an increasing subsequence σ_k of length k and a disjoint decreasing subsequence of length n − k is clearly bounded above by (n k )2 since the elements of σ_k can be chosen in (n k ) ways and positioned in a further (n k ) ways. Hence, we have: sp_n ≤ n∑ k=0 ( n k )2 = ( 2n n ) 2 Lemma 6.4 For n ≥ 1, sp_n ≥ (2n−2 n−1 ) . Proof : Clearly, if π is such that li(π) + ld(π) = n + 1, then G[π] is a split graph. Let Y_n = {π : li(π) + ld(π) = n + 1}. Then sp_n ≥ |Y_n|. For 1 ≤ k ≤ n, let X_{n,k} = {π ∈ Y_n : li(π) = k and ld(π) = n − k + 1}. Since li(π) and ld(π) are respectively the length of the ^rst row and ^rst column of the pair of Young tableaux corresponding to π [18], it follows that for π ∈ X_{n,k}, the pair of Young tableaux associated with π (see [10, 11, 18]) will each have shape (x_1, x_2, . . . , x_{n−k+1}) where x_i = 1 for i > 1 and x_1 = k. If f(n_1, n_2, . . . , n_m) denotes the number of tableaux formed from {1, 2, . . . , n} that have the given shape (n_1, n_2, . . . , n_m) where n_1 + n_2 + · · · + n_m = n and n_1 ≥ n_2 ≥ · · · ≥ n_m, then as shown in [10],

f(n_1, n_2, . . . , n_m) =

Δ(n_1 + m − 1, n_2 + m − 2, . . . , n_m)n! (n_1 + m − 1)!(n_2 + m − 2)! · · · n_m!

where Δ(x_1, x_2, . . . , x_m) = ∏ 1≤i<j≤m(xi − xj). Using the results of [18], we have: |X_{n,k}| = (f(k, 1, 1, · · · , 1 (n−k) 1^s ))^2

= ( Δ(n, n − k, n − k − 1, . . . , 1)n! n!(n − k)!(n − k − 1)! · · · 1! )2

= ( n − 1 k − 1 )2

Thus, we get: sp_n ≥ |Y_n| = n∑ k=1 |X_{n,k}| = n∑ k=1 ( n − 1 k − 1 )2 = ( 2n − 2 n − 1 ) 2

Theorem 6.6 The asymptotic value of the number of permutations π of {1, 2, . . . , n} such that G[π] is a split graph is Θ(4^n/ √ n). Proof : By lemmas 6.3 and 6.4, 1 4 ( 2n n ) ≤ ( 2n − 2 n − 1 ) ≤ sp_n ≤ ( 2n n )

and hence sp_n ∈ Θ( (2n n ) ) = Θ(4^n/ √ n). 2

Remark : Threshold graphs form a subclass of split permutation graphs (see [5]) and we obtained a closed form expression for the permutation representations of threshold graphs. Similarly, it would be interesting to determine the exact number of permutations π of {1, 2, . . . , n} such that G[π] is a split graph.

Acknowledgements

We would like to thank S.A.Choudum for several useful discussions and for careful reading of an earlier version of this paper. We are also grateful to the anonymous referees for their insightful comments and for bringing to our attention the work in [1, 14, 15, 17]. We also thank Uri Peled for providing us with some useful references.

References

[1] J.S.Beissinger and U.N.Peled, Enumeration of labelled threshold graphs and a theorem of Frobenius involving Eulerian polynomials, Graphs and Combinatorics, 3(1987), pp 213-219.

[2] V.Chvatal and P.L.Hammer, Set packing and threshold graphs, Univ. Waterloo Res. Report, (1973).

[3] D.G.Corneil, Y.Perl and L.K.Stewart, A linear recognition algorithm for cographs, SIAM J. on Computing, 14(1985), pp 926-934.

[4] S.Foldes and P.L.Hammer, Split Graphs, Proc. 8^{th} South Eastern conference on combinatorics, graph theory and computing, Louisiana State Univ., Baton Rouge, Louisiana (1977).

[5] M.C.Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic Press, New York, (1980).

[6] M.C.Golumbic, Trivially Perfect Graphs, Disc. Math., 24(1978), pp 105-107.

[7] F.Harary and E.M.Palmer, Graphical Enumeration, Academic Press, New York, (1973).

[8] J.E.Hopcroft and J.D.Ullman, Introduction to Automata theory, languages and computation, Addison- Wesley Publishing Company, Inc., USA, (1979).

[9] D.E.Knuth, Fundamental Algorithms ( The Art of Computer Programming, Vol. 1), Narosa Publishing House, New Delhi, (1985).

[10] D.E.Knuth, Sorting and Searching ( The Art of Computer Programming, Vol. 3), Addison-Wesley, 1973.

[11] D.E.Knuth, Permutations, matrices and generalized Young tableaux, Paci^c J. Math., 34(1970), pp 709-727.

[12] V.Krishnamurthy, Combinatorics - Theory and applications, East-west Press, New Delhi, (1985). [13] L.Lovasz, Normal Hypergraphs and the perfect graph conjecture, Disc. Math., 2(1972), pp 253-267. [14] N.V.R. Mahadev and U.N.Peled, Threshold Graphs and Related Topics, Elsevier, 1995 (Annals of Discrete Math. 56).

[15] U.N.Peled and F.Sun, Enumeration of difference graphs, Discrete Applied Mathematics, 60(1995), pp 311-318.

[16] D.Rogers and L.Shapiro, Some correspondence involving the Schrĺoder numbers and relations, in Combinatorial Mathematics, Proc. of the International Conference, Canberra, Lecture Notes in Mathematics 686, SpringerŰVerlag, Berlin, 1978, pp 267-276.

[17] D.Rogers and L.Shapiro, Deques, trees and lattice paths, in Combinatorial Mathematics, Vol. VIII, Lecture Notes in Mathematics 884, SpringerŰVerlag, Berlin, 1981, pp 293-303.

[18] C.Schensted, Longest increasing and decreasing subsequences, Canad. J. Math., 13(1961), pp 179- 191.

[19] E.Schrĺoder, Vier Combinatorische Probleme, Zeitschrift fur Mathematik und Physik, 15(1870), pp 361-376.

[20] L.Shapiro and A.B.Stephens, Bootstrap Percolation, the Schrĺoder numbers and the nŰkings problem, SIAM J. Disc. Mathematics, 4(1991), pp 275-280.

[21] E.S.Wolk, A note on ŞThe comparability graph of a treeŤ, Proc. Amer. Math. Soc., 16(1965), pp 17-20