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1 Overview

Recall from last lecture that we are looking at the document-retrieval problem. The problem can
be stated as follows:

the patterns occurs.

In particular, we are allowed to preprocessthe texts in order to be able to answer the query faster.
Our preprocessingchoice was the use of a single sutx tree, in which all the sutxes of all the
texts appear, ead suxx ending with a distinct symbol that determinesthe text in which the suxx
appears. In order to answer the query we reduced the problem to range-min queries which in
turn was reducedto the least common ancestor (LCA) problem on the cartesian tree of an array
of numbers. The cartesian tree is constructed recursively by setting its root to be the minimum
elemen of the array and recursively constructing its two subtreesusing the left and right partitions
of the array. The range-min query of an interval [i; j] is then equivalent to nding the LCA of the
two nodesof the cartesiantree that correspondto i and j.

In this lecture we cortinue to seehow we can solve the LCA problem on any static tree. This
will involve a reduction of the LCA problem badk to the range-min query problem (!) and then a
reduction of the latter problem to two special instancesof the problem.

Recallthat we needto solvethe LCA problem aspart of a number of reductions from the document-
retrieval problem. Howewer, we have an additional pendencyfrom last lecture. We still needto
shav how the suxx tree that is usedfor the documen-retrieval problem can be built, during the
preprocessingphase,in time linear to the size of the involved texts. We will addressthis problem
in the secondpart of this lecture.

2 Least Common Ancestor

The least common ancestorproblem has beenaddressed(in someform or another) in many papers
over the last twenty years (e.g. [5, 2, 1]). In this lecture we will presen the solution suggested
in the most recert work of Bender and Fanad-Colton [1]. The formal problem we are trying to
addressis:

Preprocessa binary tree so that, given two nodesi and j of the tree, determine the
node closestto the leavesthat appearsin both the paths of i and j towards the root.



We proceedto showv how the LCA problem can be solved by reducing to the range-min query
problem.

2.1 Reducing to Range-Min Queries

Having the tree at hand, the rst thing to do, during preprocessing,is to label ead node according
to its depth in the tree, labelling the root with the number zero. We subsequeltly traverseall the
nodes of the tree in an Euler tour to construct an array of the labels of the nodes, in the order
visited by the tour. An Euler tour is simply a depth- rst traversal of the tree with repeats. More
precisely nodes are visited when moving from parents to children and are revisited when moving
from children to parents. Figure 1 illustrates the Euler tour on an exampletree and the resulting
array of numbers. Notice how the query on the nodes of the tree is reduced to a query in the
resulting array of numbers.
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Figure 1: The Euler tour on an exampletree and the resulting array of numbers.

Having constructed the array of numbers, we can make two obsenations. First notice that the LCA
of two nodesis simply the node with the least depth (i.e. closestto the root), that lies betweenthe
two nodesin the Euler tour. Therefore, nding the speci ¢ node in the tree is equivalent to nding
the minimum elemert in the proper interval in the array of numbers. The latter problem can be
solved using range-min queries. But wouldn't that create a loop in our reduction, sincewe started
by reducing the range-min query problem to the LCA problem? The answer is no, becauseof the
secondobsenation: Notice that the constructed array of numbers has a special property, known
asthe 8 1 property; each number di®ersby exactly one from its precedingnumber. Therefore, our
reduction is to a special caseof the range-min query problem, which can be solved without any
further reductions.

Our goal, thus, is to solve the following problem:

Preprocessan array of n numbers that satis es the § 1 property such that, given two
indicesi and j in the array, determine the index of the minimum elemen within the
givenrangeli; j], in O(1) time and using O(n) space.



2.2 Range-Min Queries with Superlinear Space

In this subsectionwe will seehow we can addressthe problem in the special casewhere we have
superlinear spaceavailable.

2.2.1 A NaAve Attempt

We start by examining a simple solution that will help us gain someinsight into the problem. We
will allow ourseles to use O(m?) spaceand constart time to answer the query for an array of
sizem.

The evidert solution to this problem is to simply create a table with O(m?) ertries, mapping all
the intervals of the array to the corresponding minimum elemert of the interval. The query can
then be answered with a single lookup into the table that takesconstart time.

2.2.2 A Better Solution

Our rst solution obtains the required constart time for answering queries, but su®ersfrom the
useof too much space. Fortunately, we canre ne that result without much e®ort. We will still use
a lookup table, but we will only store the answers for speci ¢ intervals of the array. In particular,
we will store only intervals of length equal to somepower of two. Starting from ead position in
the array of n numbers, there are at most Ig m intervals of length equal to somepower of two and
thusin total, the table will contain only O(mIgm) entries. This indeed improvesthe spaceused,
although seeminglynot as much aswe would like, as the spaceis still superlinear.

Now, in order to answer a range-min query for a given interval [i; j] of length 1 = j j i+ 1 we can
simply query the table for the minima of the two intervals [i; i + Iblc) and (j | ;)] and take
the minimum of the two returned values! Therefore, we have improved the space,while keepinga
constart gquery time.

We keepthis result and we proceedto examine another special case.

2.3 Range-Min Queries within All Small Interv als

In this subsectionwe will seehow we can addressthe problem when our queriesare restricted to a
small interval of the array, in such a way that we can useour preprocessingto simultaneously solve
all possiblesmall intervals.

We consideran interval of the array of sizek and assumethat we are interestedin answering queries
that lie completely within this interval. Obsene that the result of a range-min query within this
interval is invariant to translation, i.e. o®setting all the numbers by someconstart. Indeed, the
index of the minimum elemert in the array will not changeunder translation. The rst step, hence,
is to translate the interval sothat its rst number becomeszero.

By the § 1 property, there exist exactly 2 possibleinstantiations of an interval of sizek suc that
the ‘rst number is zero. To seethis, obsene that each number can be either larger or smaller of

'Recall that the notation tic represerts the maximum power of two that is at most I, i.e., 2blg i,



the previous number by exactly one and thus we have exactly two choicesfor eat number in the
interval, beyond the rst number.

Becausewe are interested in answering querieswithin this interval, then for eat possibleinstanti-
ation of the interval we can construct a lookup table asin Section2.2.1, where eat possiblequery
is mapped to its minimum elemen.? Becausethere are 2 possibleinstantiations, ead of which
has k? possible queries, for which we needto store an index that requires spacelgk, we have in
total a requiremert of O(2% ¢k? ¢lg k) bits of space. This spaceis reasonableprovided k is small.

2.4 The Final Construction

We are now ready to useour earlier results and addressour original problem of answering a range-
min query in O(n) spaceand constart time.

Considerthe array A of n numbersthat is given asinput to this problem. We divide the array into
m = 2n=Ign buckets, ead of sizek = (Ign)=2. During preprocessingwe compute the minimum
elemen of eat bucket and store the results in an array B of sizem. Figure 2 illustrates the two
arrays and the buckets. The construction described so far can be clearly donein spaceO(n).
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Figure 2: The partitioning of array A into buckets and the storage of the minimums of the buckets
into array B.

We now construct a lookup table T for answering querieswithin a singlebucket, using the construc-
tion described in Section 2.3. Notice that, becausethe size of a bucket is k = (Ig B):Z, this lookup
table will require only O(2K ¢k? ¢igk) = 0209 =2 ¢((Ig n)=2)? ¢ig((lg n)=2)) = O(" n¢ig®n ¢iglgn)
bits of space,which is o(n). Also notice that we can answer querieswithin any bucket using the
samelookup table Ta, becauseit cortains all the possibleinstantiations that can be found within
the buckets. We simply needto store oneword per bucket to indicate the input to the lookup table
Ta.

Finally, we construct alookup table Tg for answering querieswithin array B, using the construction
described in Section2.2.2. Notice that sincethe sizeof the array is m = 2n=Ign, this lookup table
will only require O(mIigm) = O((2n=Ign)Ig(2n=Ign)) = O((n=Ign)(Ign i Iglgn)) = O(n j
(nlglgn)=Ign) = O(n) words of space.

2This nafve construction can be improved by using the construction of Section 2.2.2 to reduce the size of the table.
However, these improvemerts will only o®era polylog spaceimprovemert that will not a®ectour nal result.



In total, our construction involves two arrays A and B and two lookup tables Tao and Tg and
requires O(n) space. It remains to shov how we can answer a query in constart time. A given
interval [i; j] will, in the general case,span many buckets, as illustrated in gure 3. Let L and
R be the leftmost and rightmost buckets, respectively, that are partially included in the query
interval and let X and Y be the leftmost and rightmost buckets, respectively, that are completely
included in the query interval.
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Figure 3: The reduction of the original query to three lookup table queries.

Let a, bethe minimum elemen of the L bucket that lies betweeni and the end of the bucket and
let ar bethe minimum elemert of the R bucket that lies betweenthe beginning of the bucket and j .
These two values can be computed by two queriesto the T table. Now let b be the minimum
elemen of all the internal bucketsthat lie within [X;Y]. This value can be computed by computing
the minimum amongstthe minimums of ead internal bucket, by querying the Tg lookup table for
the minimum elemen of array B that lieswithin the interval [X;Y]. All three queriesto the lookup
tables take constart time, and we can compute minfa, ; b;agrg in constart time, which is precisely
the minimum elemern of array A that lies within [i; j].

2.5 Conclusions

We have seenhow to solve the range-min query problem in an array of n numbers that satis es
the § 1 property, in O(1) time and using O(n) space. This implies a solution to the LCA problem
in O(1) time and O(n) space,which subsequetly implies a solution to the problemsthat we have
seenin the last lecture, including generalrange-min queriesand the documert-retrieval problem.
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Figure 4: (a) The sutx array of banana$ (b) The samearray with suxxes represenied implicitly ,
via their indices. (c) The augmerted sutx array: ead number on the right array is the LCP of
the two pre xes that it toucheson the left.

3 Building Suxx Treesin O(n) Time

We now shov how to quickly construct a single sutx tree containing the sutxes of all texts
Ty;To;:::; Tk | every suxx of T; participates in this tree with a di®erert end marker, $;. This
sectionis basedon [3, 4]. First we introduce a couple of extra notions related to sutx trees.

3.1 Suxx Array

Given atext T, the suxx array assaiated with it is just the lexicographically sorted array of all

its suxxes. For our running example,
0123456
T =banana$

the sutx array is that of Figure 4(a). To keepthe spacelinear, we can represert eadl suxx
implicitly , by its index in T, asin Figure 4(b). Notice that with a properly modi ed binary seart
on this array we can seard T for a pattern P in time O(jPj + IgjTj), which is a little worsethan
the O(jPj) time neededif the seard is done using a suxx tree.

The suxx array can be easily derived from the suxx tree via a depth-rst seard, in linear time
(Figure 5).

To make the translation possiblethe other way around, we needto augmert the suxx array with
extra information: for every two adjacert sutxes we store the length of their longestcommon pre x
(LCP); seeFigure 4(c). Now, to derive the sutx tree we basically build the cartesian tree of the
array of LCP's, using the recursive procedure described earlier. Special care is taken so that a
minimum that occurs more than oncegivesrise to only one node (with outdegreeone greater than
the number of occurrences).During the recursion, whenewver a minimum is found on the left (right)
end of the current subarray, we make its left (right) child bethe rst (second)suxx corresponding
to this minimum LCP; seeFigure 6.

Note that the LCP info in the augmened sutx array canalsobe derived from the sutx tree (during
the samedepth- rst seard that derivesthe suxx array itself), using the letter-depth information
of the internal nodes. So, in total, we can convert a sutx tree into the correspnding augmenteal



Figure 5: From the suxx tree to the sutx array.
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Figure 6: From the augmened sutx array to the suxx tree.



of e+l ol Haf ol Hof

Figure 7: On the left, the sutx tree of banana$ with all sutx links as dashedarrows. On the
right, the tree implied by the suxx links.

suxx array and vice-versain linear time.

3.2 Suxx Links

Consider the suxx tree of a text T, x any node u in it other than the root, and let ax be the
nonempty string that appearson the edgesof the path from the root down to u (i.e., the label
of u). If i, j aretwo leavesthat have u as their lowest common ancestor, then the corresponding
suxxes T[i :], T[j :] of T have ax astheir longestcommon pre x. Dropping the rst character a
from thesetwo sutxes, we get the sutxes T[i + 1:], T[j + 1:], whoselongest common pre x is
just x. Therefore, the label of the lowest commonancestorv of the leavesi + 1, + 1is x. In total,
starting from any node u with label ax, we can always nd a unique node v with label x. We call
it the suxx link of u (Figure 7).

Notice that, if we start at any node in the sutx tree and we repeatedly follow the suxx links, we
will never repeat a node (because eat time we follow a link, the length of the label of the current
node decreasedy one) and we are bound to end up at the root (that's the only node with an empty
label). Hence,suxx links form a tree on the nodes of the sutx tree; the depth of a node in this
tree equalsits letter depth in the sutx tree.

Also notice that, the sutx link of a node can be computed as described above (i.e., as the least
common ancestorof T[i + 1:], T[j + 1:]) in constart time. Thus, linear time sutcesto compute
the suxx links of all nodesin the tree. In particular, if the letter-depth information for the internal
nodesof a sutx tree is missing, linear time is enoughto retrieve this information : we just compute
all suxx links, then depth-rst seard in the resulting tree, labeling every node with its depth.



3.3 Building the Suxx Tree of One Text

Let us now turn to the main subject of this section: how to build the suxx tree of atext quickly. In
the comparisonmodel, the running time will be O(nlgj8§j), where § is the alphabet. This bound
is optimal in the comparisonmodel, even if the nodes of the sutx tree do not have to store their
child links in sorted order: building a sutx tree in particular determineshow many di®erert letters
of the alphabet occur (this is the number of children of the root), which requires-( nlgj§j) time.®
On the other hand, if the alphabetisf0;1;:::;j8ji 1g and hencecan be sorted in linear time, the
running time is O(n). If we are allowed to hashthe alphabet, the running time is O(n + j8jlIgj§]j)
if we want ead node's children to be in sorted order, and O(n) time otherwise.

We will actually shonv how to construct the augmerted suxx array of the input text in this time
bound. The su+x tree itself can then be produced as explained in Section 3.1.

So, supposeT is our n-long input text over somealphabet 8. We can think of T asa string over
f1;2;:::;ng; if this is not the case,we can just replaceevery symbol in T with its rank in 8. With
hashing, this costslinear time after § is sorted; without hashing, this costsO(nlgjgj) time.

The outline of the algorithm is as follows:

(i) From the n-long input T over f1;2;:::;ng, we construct a 5-long text TOoverf1;2;:::: 30.
(i) We make a recursive call, to get the augmerted su+x array A°of TC

(i) From ACand the relation betweenT and T we construct the augmerted su+x array A for
the evensuzxxes of T (that is, the suxxes of T starting at positions 0;2;4;:::).

(iv) From Ag we also derive the augmened suxx array A, for the odd sutxes of T.

(v) We mergethe two arrays, A¢ and A,, into the augmerted suxx array A for all sutxes of T.

If C(n) is the cost of our algorithm, the recursive call will costtime C(%) and all other steps will
cost linear time. So, C(n) = C(%) + O(n) for a linear total cost. Details follow.

i. Constructing TO We Trst coalesceevery symbol that lies at an even position in T with the
symbol immediately to the right of it, consideringthe pair asa new, composite symbol. This way,
T can be viewed as a %—Iong string over the alphabet f1;2;:::;ng£ f1,2;:::;ng.

We then radix sort the list of 5 composite symbols occuring in T. (To compare two composite
symbols we just look at their lexicographic order as pairs of symbols of 8.) In the sorted list, we
remove all repetitions.

We nally go through T, replacing each composite symbol with its rank in the sorted list. The
resulting string, T is 3-long with all its symbolsin f1;2;:::; Jg.

i. Getting the augmented suxx array of T® We make a recursive call to the algorithm on
TY to get the augmerted su+x array A%of TC

3Personal communication between Erik Demaine and Martin Farach-Colton, April 2003.



iii. Building Ae. We now obtain the augmerted suxx array A, for the even sutxes of T, by
processingA°. In particular, we extract

2 the sorted list of the even sutxes of T, and

2 the LCP of ewvery pair of adjacert (in this sorted list) even sutxes.

The “rst part is almost immediately given by the sorted list in A% Just note that every su+x of T°
corresponds to an even suxx of T; and this corresppndencepresenesthe lexicographic ordering.
Howewver, we do needto double eact entry, to have the indices point into the n-long T.

The secondpart can be derived almost as easily The LCP of two adjacernt even suxxes of T is
either 2£ (the LCP of the corresponding su+xes of T9, or 2£ (the LCP of the corresponding su+xes
of T9+1; depending on whether the two su+xes di®erin the st (even-position) symbol after their
longest even-length common pre x. Obviously, this ched can be donein constart time.

Notice that a similar recursion could also give us the augmerted sutx array A, for the odd sutxes
of T. However, we can't a®ordthe time for this extra recursion. Instead, we compute A, from Ae.

iv. Building A, Now weuseAg to construct the augmerted su+x array A, for the odd sutxes
of T. Again, we extract

2 the sorted list of the odd sutxes of T, and

2 the LCP of every pair of adjacert (in this sorted list) odd suxxes.

For the rst part, gothrough the sorted list of even suxxes that is corntained in A¢ and subtract 1
from ead entry (ignore the erntry O, for the rst even suxx). Now the list enumerates all odd
suztxes sorted by their corresponding even sutxes, much like what we would have after a radix
sort of the list that wouldn't have completedits last scan. So,to get the correct order we can just
apply this last scan,a courting sort that on an entry i (for someodd i) usesT][i] asthe value that
determinesthe new position of the entry.

For the secondpart, notice that if i, j are two odd sutxes adjacert in the sorted list, their LCP
isO,if T[i] 6 T[j]; otherwise,it's the minimum of all LCPs betweenthe corresppnding even sutxes
i+ 1,j+ 1lin the list of Ae. In both caseswe can compute the correct value in constart time, the
secondcaserequiring an appropriate range-min query on the list of LCPs of Ae.

v. Merging A¢ and A,. For the merging, we rst translate Ag, Aq into the corresponding sutx
trees, then mergethe sutx treesinto a single sutx tree, then translate badk into an augmerted
sutx array, A. We know how to do the translations fast (Section 3.1), so we need only describe
the merging of the two suxx trees.

Start by overlaying the roots of the two trees and try to mergethem into a singleroot. The easy
caseoccurs when all edgeshave labels starting with di®erert symbols (Figure 8(a)). Then, we
directly copy all subtreesunder the new root. A slightly more interesting caseoccurs when some
pair of edgeshave labels starting with the samesymbol, but the labelsremain identical all the way
through. Again, all other subtreesare copied directly under the new root; the con®icting edgeis
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copied, too, but its subtree is the one we get by recursively merging the corresponding subtrees
(Figure 8(b)). The casewhen the labels are of di®erert length but one of them is a pre x of the
other can also be handled, similarly.

The hard caseis when two labels start with the samesymbol but di®erlater on. Then, we have to
‘nd out for how long they agreeand act accordingly. Unfortunately, we can't a®ord the time to
comparethe two labels symbol by symbol :::

Let's supp ose we have an oracle that can do this for us: tell, in constart time, whether two
labels that start with the samesymbol di®er later on, or remain identical until the shorter oneis
exhausted. We shav how to construct such an oracle later.

If the answer of the oracle is negative, we are in one of the last two casesabove and we handle it
accordingly. If the answer is positive, we know the labels don't match all the way through, but we
don't know the extent to which they match. It turns out that this is not necessaryat this point:
we already know that an edgemust be created under the new root, pointing to a new node v with
two subtrees,the corresponding subtreesfrom the two original sutx trees (Figure 8(c)). The only
thing we are missing is the letter depths of (some of) the newly added nodes. But this is okay,
becausewe can retrieve this information after the tree is constructed, by computing the tree of the
suxx links and calculating the depthsin it (as explainedin Section 3.2).

To implemen t the oracle that we have promised, we do the following. First, in a preprocessing
phase, we calculate and store the ngerprint (in the Rabin-Karp sense)of every sutx TJ[i :] of
T. Then, the ngerprint of every substring T[i : j] of T can be computed in constart time from
the ngerprints of T[i :], T[] :]. Hence,to chek whether two labels that start with the same
symbol remain identical, just trim the longestoneto the length of the shortest one and compare
the corresponding ngerprin ts.

Of course, this makes our algorithm randomized. Howewer, it can be shown that the use of ran-
domnesscan be avoided; in particular, there is a way to complete this last step (Step (v)) of the
algorithm deterministically [3, 4].

3.4 Building the Suxx Tree of k Texts

in time/space linear in the total size of the texts (modulo Igj8j terms). The previous sec-
tion only shawvs how to do this for one text. If we can apply the algorithm to the concatena-
Ti+1; Ti+2;:::; Tx. To x this, we can trim the tree beyond any nodeslabeled $; for any i. The

remaining tree will just have the suxxes of the individual T;'s.
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Figure 8: Merging the two sutx trees. (a) When all edgelabels start with distinct symbals. (b)
When every two edgelabelsthat start with the samesymbol cortinue identically aswell. (c) When
two edgelabels start with the samesymbol but di®er later on.

12



[3] Martin Farach, \Optimal Sutx Tree Construction with Large Alphabets”, in Proceedings of
FOCS 1997, pages137{143.

[4] Martin Farach-Colton, Paolo Ferragina, and S. Muth ukrishnan, \On the sorting-complexity of
suxx tree construction”, In Journal of the ACM 47(6):987{1011,2000.

[5] Dov Harel and Robert E. Tarjan, \F ast algorithms for nding nearestcommon ancestors" in
SIAM Journal on Computing, 13:338{355,1984.

13



